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1. Introduction

The solid state quantum physics packages available to the
students in the field are mainly based on the Density Functional
Theory (DFT). The ground-state approaches to extend DFT mainly
propose more realistic models for density functional, or extend
the electronic Green’s function with a many-body self-energy
under a suitable approximation (for a review see Ref. [1]). How-
ever, another possible DFT extension remains largely unexplored:
variational ansatz for the electronic wave function, which allows
to access several strongly correlated states of matter.

The most striking example of states hardly accessible to DFT
is the Bardeen-Cooper-Schrieffer (BCS) state [2,3] necessary for
description of superconductors. Even the intuitively more trans-
parent states of solids — the magnetically ordered ones with an
arbitrary pitch (superstructure) vector are computationally very
expensive within the available ab-initio tools.

The magnetically ordered states can be obtained by extending
the chemical unit cells to (magnetic) super-cells and setting the
initial magnetic moments with broken symmetry (BS) in the input
file. Within this technology only simplest ordered magnetic states
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— ferromagnetic or antiferromagnetic with very simple magnetic
super-lattices can be accessed. Thus, the presence of either BCS
or complex magnetic states of solids is very difficult to achieve.
Namely, the presence of the occupied non-bonding single-particle
states in the vicinity of the Fermi level indicates some kind
of BS instability. Clearly, the BS solutions could only emerge if
they were allowed for in the wave function since the beginning.
Another feature so far missing in the available software is the
temperature dependence of the solutions of the electronic prob-
lems. This feature is, however, important due to characteristic
physical effects: transitions among the high-temperature sym-
metric and various low-temperature BS phases occurring in the
experiment. Thus, we undertake the present development with a
goal to heel the outlined deficiencies in the existing software. The
paper is organized as follows: in Section 2 we present necessary
theoretical concepts; in Section 3 we describe implementation
details; in Section 4 we give test examples of applying developed
software. In Section 5 we discuss the results of test calculations
and give some perspectives.

2. Theory account
2.1. Hamiltonian

The most general form of the Hamiltonian considered in ® @
package is:

H = Hy + Hy + Hj + Hy, (1)
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where H is the one-electron part, containing the kinetic energy
and local terms:

Hy = Z f, l/

LI'.R
7.5,8

CIRSCI’ R+, 2)

where I,I' and s, s’ are the orbital and the spin indices respec-
tively, R is the unit cell coordinate, while 7 is the unit cell
displacement. Hy is the on-site multi-orbital Coulomb repulsion:

Hy = Z Uy Nigshy rs's

LI',R

5.8’
and H; is the multi-site, multi-orbital Heisenberg term, which, in
general, can be anisotropic:

ap B
H; = Z]u’ (TSIRSY Roe-
I.I/,,lg

Finally, Hy is the inter-site, inter-orbital Coulomb repulsion:

Hy = ) Vie(O)ngn gye-
LU',Rt

Here, njps = C,TR sCLrs 1S the electron density operator on Ith
orbital of site R, while Mg = Mgy + Ny is the total density
operator and Sj; is the operator for the spin component a(=
X,y,2):

_ T
Mg = § :CI,R,SCI,R,S
s

1
f
Slc,(R = 2 Z Gso,(s’cl,R,sCI,R,s” (3)

s,s’

expressed as usual through Pauli matrices o'.

In order to appropriately treat magnetrc superstructure with
arbitrary orbital-dependent pitch vectors, we implement individ-
ual spin quantization axis rotation for each orbital. Thus, there
is no need to increase the size of unit cell at the expense of
modifying the Hamiltonian terms. The orbital spin quantization
axis rotation parameters together with the superstructure pitch
vector become additional variational parameters and determine
the optimal spin configurations. The details of this technique are
given in Appendix B.

2.2. Variational wave-function

The Hamiltonian (1) is a true many-body operator, impossible
to solve exactly. We obtain an approximate variational solution
by optimizing its expectation value with respect to the varia-
tional parameters of a trial wave-function within the mean-field
solution.

The mean-field solution of Eq. (1) is most easily obtained with
the use of the Nambu formalism: that is replacing the Fermi
operators C,TR’S(C,’RYS) creating an electron (hole) with the spin
projection o in the state single state pertaining to the site (unit
cell of the single band model) by a Nambu vector

T (1 T
W = (Crm’ Cirpr = -s Ciry > CLRT) (4)

composed of the operators creating an electron (hole) with the
spin projection s =J, 1 in one of the states | = 1,...,L in the
unit cell R. Obviously, since ¥ is a column, then lI/RT is a row
consisting of corresponding hermitian conjugated operators. Here
we include in the basis both spin projections as well as particle
and hole creation operators in order to allow for superconducting
terms in the Hamiltonian as well as off-diagonal spin exchange.

1 T
Ciry> Cirpo C1rys C1rpr - - o0

At this point we specify the class of the variational wave
function used in ® ® which is a generalization of Anderson’s RVB
wave function:

we) = [T7) 5)

Here y; are the so-called canonical quasi-particles:

T T T T
k= (Vuu Voks -+ V4Lk) .

The number of operators in the Nambu vector I is equal to
the length of W;: 4L. There exists a unitary transformation which
relates the two:

Iy = By (6)

]

In Eq. (5) we have introduced a new auxiliary state ‘ > which is

defined as follows':
’ > 1_[ ik, |0

It is the coefficients of the matrices &} which play the role of the
variational wave function parameters, although they are not in-
dependent. In the present manuscript, we denote as {¢} the set of
all independent variables determining the 4L x 4L elements of ma-
trices Zy in Eq. (6) at all k. The term “canonical” for quasiparticles
in the context of |lI/g) means that this wave function is build up

by filling the vacuum 0) with canonical quasi-particles. In other

words, Eq. (5) is a Slater determinant of canonical quasiparticles.
In Eq. (5) the filling occurs up to some band index M, which, in
principle, has to be considered as another variational parameter.
In the case of a particle-hole symmetric Hamiltonian, the optimal
value of M can be shown [4] to be M = 2L — a choice currently
realized in ®@®. The form of the wave function (5) as a set of
independent quasiparticles uniquely defines the thermodynamics
of such an state: thermal excitations are quasiparticle-quasihole
pairs. This corresponds to the partition function being the product
of Fermi functions of quasiparticles energies determined in the
self-consistent procedure described below.

2.3. Mean-field and self-consistency

The mean-field solution of Eq. (1) is accomplished by mini-
mizing the expectation value of either the variational energy (at
zero-temperature):

Y,|H — uN |,
Hyor = (e H — N |2 — min. (7
(V%)
or of the Helmholtz free energy (at finite temperature) with
respect to a set of variational parameters {¢} (defined below).

A =Hyg — TS — min. (8)

Here, 1 is the chemical potential (taking care about the correct
number of electrons — see below), T is the temperature in the
energy units (meaning kg = 1 in our notations), while S is the

1 we would like to point out that there are several ways of writing the BCS
wave function. It is easy to see that they are all equivalent on an example of
the single-orbital BCS wavefunction:

1—[ (uk + vkc,ITcL(vi) |0) = 1_[ (ukc_M + vkc,:%) 1_[ cikw |0)
k k K
= 1_[ (ukcf,w + UkCJ_T> ‘6>
k
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(information/Shannon) entropy (defined below). The number of
particles operator is defined as:

N = E nj g.
J.R

The necessary (but not sufficient) condition for the minimum
of the (Helmholtz) energy is the stationarity of the former with
respect to the variational parameters {¢} characterizing the trial
wave function equation (5). The stationarity conditions can be
always expressed as a set of non-linear equations in the space
of variational parameters. This can be symbolically written as an
equation:

p=2o][pl, (9)

where p is the generalized one-particle density matrix of the
system corresponding to the wave function equation (5) and @
symbolically represents the mean-field self-consistency proce-
dure allowing to derive the new density matrix given the old
one. The number of particles constraint narrows down even more
the search domain. In this restricted domain, the point giving
the minimal (Helmholtz) energy represents the solution to the
problem equation (7). In addition, the equation (N) = Ny deter-
mines the chemical potential u and should be considered as a
complement to the system equation (9).

Within the mean-field approach, the bare Hamiltonian H is
replaced with a one-electron Hamiltonian HMF:

H™ = Hy + Hy" + H" + o).

The terms with the superscript MF are obtained from the re-
spective many-body operators by a “linearization” procedure (ap-
plying the Wick’s theorem [5]). The detailed forms of the lin-
earized operators are given in Appendix A. The fulfillment of the
condition equation (8) amounts to solve a non-linear optimiza-
tion problem, which is a well-known challenge in both quantum
chemistry and solid state physics. It is outlined in the following
subsections.

In terms of Nambu vectors the mean-field Hamiltonian reads:

HYF =3 " wiRZ(T)W(R + 7) + 2L,
R,T

where the last term accounts for the anti-commutation relations
of the operators comprising ¥ (L is the number of orbitals of the
problem). It brings a constant energy shift (arising from fermionic
anti-commutation rules) and will be omitted in what follows. The
details of the contributions to the Hamiltonian used are also given
in Appendix A. Here .#(t) is the matrix representation of HYF in
the basis of operators, composing the Nambu vector ¥ (R).

Finally, we take advantage of periodicity of the crystal and
transform HYF to the reciprocal space:

t,
HMF = Z ‘I/k Jiok Wk s
K
with
A=Y e (r).
T

2.4. Density matrix and fixing u

The central object in any mean-field theory is the density ma-
trix, which is defined through the Nambu notations equation (4)
as:

p(7) = 18:0 — (W W4, ). (10)

Here p(t) are 4L x 4L matrices, independent on R due to trans-
lational invariance and 1 is a 4L x 4L identity matrix. By using
the hermiticity of.74, at each k we can define an arbitrary analytic
function of matrix argument in a usual way. As a consequence of

the condition equation (8), the density matrix can be compactly
written as:

pe = (14 ef74) 7" (11)

where g = 1/T — inverse temperature. Eq. (11) is a generaliza-
tion of Fermi-Dirac distribution. Here, we have also introduced
the Fourier transform of the density matrix:

pe=y € p(r).
T

As described in Section 3, the density matrix contains all the
parameters necessary to define the trial wave function equa-
tion (5) and the electronic phases of the system. The optimization
procedure is then equivalent to finding a self-consistent solution
for the density matrix obtained from Eq. (9)

Pnew = ds[pold]»

such that the newly generated py.,, does not deviate from p,q at
the previous iteration within an accuracy 7,, while the chemical
potential is kept so that the total number of particles is within an
accuracy 1, equal to Np:

”pnew - pold” <Tp
12
IN — No| < 1. (12)

2.5. Physical properties

Once the self-consistency is reached, the observables: correla-
tion functions as well as band structure and electronic density of
states (DOS) can be calculated. Below we summarize the formulas
for some of them, but many others can be defined in addition. At
the self-consistency, the internal energy U is just an average of
the mean field Hamiltonian:

U = (HMF) — Z,<Tr(<%fi</)k)
BRSSP
k TPk

The (Helmholtz) free energy A and the entropy ¢ are defined
through the spectrum of the canonical quasi-particles:

A=-TY Trin(1+e %), (13)
k
A U—A
52_7:7
T~ T

The expression equation (13) is used in practical calculations as
anticipated above. The specific heat can also be easily obtained:

Cy = a—U = —Tﬂ.
oT oT?
The uniform Pauli magnetic susceptibility is given by:
r4
Xp = 7881\:?,
where M7 is the total magnetic moment of the site (unit cell):

1
T i)
Mo = ZM(z),l =3 Z {(CIOTC10T> - <C10¢Czo¢>} )
! !

expressed through the density matrix elements between the local
states.

The band structure along the path connecting the high sym-
metry points of the Brillouin zone as well as the DOS are both
obtained from the spectral density A(k, €):

1
Ak, €)= —=Im[((e +i8) 1 —4) "],
b4
so that the total DOS: Zk,,A,(k, €), the partial one: )", Ai(k, €)
and the band structure (as a set of points in €, k plane where
> 1 A(k, €) diverges) can be obtained.
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Closing the discussion of the observables, we note that the
solutions of self-consistency equations have their domains of
existence as functions of Hamiltonian parameters, filling, temper-
ature and any other external condition. These domains form the
system’s phase diagrams, which can be directly compared with
the experiment and/or other theories etc. As well, there might
exist (and this is the standard situation) several solutions or
phases for the same values of the Hamiltonian parameters, and/or
temperature etc. In this case, owing to the variational principle,
the phase with the lowest free energy must be chosen, which
paves the way to the phase transitions at finite temperature.

3. Implementation details

The general energy optimization procedure as applied to the
electronic phases of a crystal can be in principle solved in two
ways:

1. as a self-consistency procedure: starting as described above
from a trial p,iq and iteratively calculating new pp.,, at each
step finding the chemical potential. In order to stabilize
such a procedure usually some forms of mixing are used.
Here we use the simplest linear mixing, such that ppe, =
A Ppew + (1 — a)poig With 0 < & < 1;

2. the self-consistency condition equation (9) supplemented
with the constraint fixing the number of particles can
be also solved by using the globally convergent Newton-
Raphson method [6] for root finding. It can be shown, that
the self-consistency condition is equivalent to considering
the evanescence conditions for the derivatives of the en-
ergy with respect to the matrix elements of the density.
Finally, the energy is compared at each step to ensure the
chosen trial step actually leads to a minimum.

Both approaches are implemented in ® @. In the second case it is
crucial to use all possible symmetries of p in order to reduce the
number of unknowns. This will be highlighted in the following
subsection. As will become evident from the following subsection,
the density matrix contains all the (order) parameters necessary
to define the trial wave function equation (5).

3.1. Broken symmetry and generalized density matrix

In this subsection we briefly discuss the properties of the
generalized density matrix p. This is the central object of mean-
field theory which determines the electronic phase of the system.
Variational wave function (5) depends on a set of variational pa-
rameters {¢}. On the other hand, the density matrix p, defined as
a matrix of pairwise averages of all fermionic operators present in
the Nambu vector equation (4), also depends on {¢}. The number
of independent parameters {¢} is in general much smaller than
the number of elements in p. However, analyzing p helps to give
a physical meaning to the variational parameters {¢} as well as
to determine the electronic phase of the system. Moreover, by
triggering some of {¢} it is possible to induce a phase change
in the system. The wave function equation (5) allows for two
solutions breaking fundamental symmetries (and their combi-
nation): (i) particle number conservation and (ii) time-reversal
invariance. The former corresponds to the superconducting (BCS)
states, while the later — to all kinds of magnetic states (when
supplied with the spin quantization axis rotation). In this context,
we call the inter-relations among the p’s matrix elements (or
constraints on their values) — a particular density matrix sym-
metry. These symmetries should not be confused with the spatial
or point group ones. Typically, the so-called anomalous terms in

p (those of the form c;ci or C¢CT>) if non-vanishing lead to
BCS states, while the imbalance between “up” and “down” spin

averages (<C;CT> # <CIC ¢>) leads to magnetically ordered phases.
Finally, we note that p(r = 0) is in general Hermitian, while at
a finite lattice shifts this is not true any more and the following
relation holds:

p(t) = pi(—1),

i.e. Hermitian conjugate of a density matrix at the lattice shift ¢ is
the density matrix at the lattice shift —t assuring the hermiticity
of the density matrix as a whole.

To be more specific, we adapt the general definition equation
(10) to the case of a two-orbital system where we allow for all
possible types of pairing. The density matrix at zero distance in
that case can be written as:

p(t=0)
nyy 0 r2y 0 0 7A; 0 7A'1‘2
0 nip 0 124 A’{ 0 A’]‘z 0
2y 0 ny, 0 0 7A'1(2 0 7A§
_ 0 r2y 0 naq A;Z 0 A; 0
0 Aq 0 A1 1—”1¢ 0 —T124 0
—Aq 0 —Aq 0 0 1—ny4 0 —T12¢
0 Aqp 0 Ay —T12y 0 1—ny, 0
—Aqp 0 —Ay 0 0 —T12¢4 0 1- na4

Here the parameters nioy, A1), A1z, 2. have the meaning of
local occupation, local and inter-orbital pairing and inter-orbital
bonding respectively. The density matrix at ¢ # 0 has the same
structure, except for the fact that on the diagonal there would be
the inter-site intra-orbital hopping: ni2), — hi2) and all the
other parameters will be sampled at the corresponding distance
r. The zero matrix elements of p stem from the definition of
the trial wave-function (5) and from the commutation relations
for fermionic operators. Already at this step it is clear that a
16 x 16 matrix actually has only 9 independent matrix ele-
ments. This symmetry is checked and enforced during ®® run,
using iterative self-consistent scheme, while the reduction from
p(t = 0) to parameters niyoy, A1), A2, 2. and back is used
in Newton-Raphson method in order to reduce the number of
self-consistency equations and unknowns.

The switching between different phases in Eq. (5) is accom-
plished by zeroing some of the parameters. E.g. setting all A =0
brings the system into a Fermi-liquid phase with no supercon-
ducting fluctuations. Setting A,y = 0 excludes local pairing,
setting A1 on the contrary forbids the inter-orbital pairing. The
well-known d,»_,»-wave pairing can be achieved on a square
lattice by imposing that the superconducting part of the density
matrix along e.g. y direction be equal to minus that along x direc-
tion, which in case of a single orbital model can be symbolically
written as:

Pc;cj(r %)= _pciff(r Il y).

Of course, in case of multi-orbital systems and complicated lat-
tices even more involved inter-relations between p matrix ele-
ments at various distances (see e.g. Ref. [7]), may exist which are
advisable to be analyzed before using ® ®.

3.2. Matrix elements and porting with existing programs

Thus, ®® requires the hoping matrix elements tf’,f/(r) as

well as Uf”lf/, Vir(t), and ]ﬁ,’?(t), as input. While the user can
specify all the Hamiltonian parameters manually, assuming an
abstract theoretical model, we additionally introduced a functi/on—
ality allowing the import of the hopping matrix elements tf",f (1)
from existing first-principles codes. This is achieved by reading

the tight-binding Hamiltonians, generated by either of the two
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Fig. 1. U = —t, temperature (left panel) and Hubbard-U (right panel) dependence at T = 107>t of the superconducting pairing A (corresponding to pi4(t = 0)) for
local superconducting phase of 1D Hubbard model. n = 1 (half-filling) 50000 sites. The inset shows the details of how the superconducting element of the density
(A) approaches zero in U — 0 limit. The blue lines in inset are the respective analytic formulas (15) and (17).

well-known post-processing codes: WANNIERQO [8] and LOBSTER
[9-11]. By doing this, the precise, material-specific predictions
can be made. ® @ will read the files called wannier90_hr.dat (for
WANNIERQO) or RealSpaceHamiltonians.lobster (for LOBSTER) and
populate the hopping matrix, superseding any previously stored.
Both WANNIERQO and LOBSTER have in turn interfaces to all major
ab-initio codes (like VASP, ABINIT, CASTEP, QUANTUMESPRESSO etc.),
which allows the ®® user to profit from the results obtained
by all these codes. Additionally, we can recommend using the
MAGAIXTIc package [12] to obtain the required estimates of the
]l‘f‘l’,g (t) parameters.

3.3. Technical details

®® is written in Fortran2003, and contains 103 subrou-
tines for a total of approximately 3200 lines. The electronic
self-consistency is solved by using either density mixing or glob-
ally convergent Newton-Raphson [6] algorithm for solving the
non-linear systems of equations at user’s choice. ®® can benefit
from both OpenMP and MPI parallelism for k-point integration.
Finally, the pitch vector optimization is accomplished by using
the multidimensional simplex algorithm [13,14].

4. Examples

The present examples Section pursues a dual purpose: to
illustrate the capacities of the proposed package and by this to
contribute to bridging certain gap between solid state DFT and
solid state model Hamiltonian communities. For the former, the
variety of the electronic states/phases considered and studied by
the latter remains to a significant extent inaccessible together
with the fascinating properties of these phases since they are
simply not present in the tools (solid state quantum chemistry
codes) the former use. For the latter, incidentally, remains inac-
cessible the possibility to independently estimate the parameters
(matrix elements) of the model Hamiltonians featuring the most
interesting phases/hottest topics of experimental and theoretical
interest. Thus in this Section we start with simple example of the
1D Hubbard model.

4.1. Superconducting state in 1D Hubbard model

We start by considering the simplest model for strongly cor-
related electrons on a 1D ring of sites, each holding one orbital —
single-orbital Hubbard model, which has the Hamiltonian:

H=-t) (cfscr+1S + h.c.) +UY npngy.
r,s r

(14)

Here, we denote by r the coordinate of the current cell (site),
and we treat the interaction term according to the prescriptions
outlined in Appendix A.If U < 0, it is possible to stabilize a simple
BCS superconducting solution, thanks to the electron-electron
attraction term in the BCS Hamiltonian: U(C:TCJLHCNC,,T). The
BCS state corresponds to the density matrix of the form:

n/2 0 0 —A
o a2 a4 0
P=l o A 1-nsp2 0

—A 0 0 1—n/2

Here the components of the density matrix are: n = (c:scrs>, A=

(c:TcrT 0 being respectively the site population and the anomalous
average. In the case of an on-site Hubbard attraction, only p at
zero lattice shift enters into the self-consistency equations, and
the above averages do not depend on r due to the translational
invariance.

The ® @ results for this simple model equation (14) are shown
in Fig. 1. As expected from the BCS theory, the temperature de-
pendence of the superconducting order parameter A is described
with a very good accuracy by:

T 3
A(T) = Agy|1— (i) ,

in the vicinity of the transition temperature T.. This is very
remarkable feature provided by the ®¢® program — the tem-
perature dependence of the solution of the electronic problem.
Expanding Eq. (15) around T, we, of course, recover the usual BCS
form for the critical gap dependence in the vicinity of T,:

- (;jmﬁ.

Incidentally, the U-dependence of Ag at lowest temperature is
very well described by a BCS-like formula:

(15)

(16)

2
8eU
Ao(U) = — ,
o(U) U
for small absolute values of negative i.e. attractive U.2 By this
we demonstrate the workability of two important features of

(17)

2 We note that this simple variational ground state does not represent
adequately the true ground state of the 1D Hubbard model. Indeed, by using
the bosonization technique [16], it was demonstrated that in a wide range of
1D models with short-ranged interactions there occurs the separation of spin
and charge degrees of freedom, while the correlation functions decay with a
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definitions see in the text.

®® — the accessibility of the BCS state of the system and the
temperature dependence of the solution of an electronic problem.

4.2. Superconducting states of graphene

Superconductivity in pristine graphene does not occur natu-
rally, although recently the superconductivity has been reported
in graphene bilayers rotated at a series of “magic” angles [17,18].
On the other hand, combination of Dirac-like linear spectrum
with superconductivity may lead to a bunch of novel phenom-
ena, such as specular Andreev reflection [19]. Moreover, recently
an artificial honeycomb 2D super-lattice - effectively equiva-
lent to graphene layer - has been realized by using the self-
assembly of PbSe, PbS or CdSe nano-crystals matching their (100)
facets [20]. Such super-lattices, possess well defined Dirac spec-
trum, although with several new features arising from stronger
spin-orbit coupling [21,22]. Several approaches predicted super-
conductivity with various order parameter symmetries on 2D
honeycomb lattice, among which auxiliary-boson theory (ABT) [7,
23] (also called the Resonating Valence Bond - RVB - state in
this context), renormalization-group [24], or even self-consistent
Bogoliubov-de Gennes approach to spatially inhomogeneous su-
perconductivity [24,25].

Here, we benchmark ®® by reproducing several ABT super-
conducting solutions of various symmetries in graphene and by
comparing them with the reference results [7,23]. We remind
that on 2D honeycomb lattice each lattice site connects to three
nearest neighbor (NN) sites by vectors {8;}, i = 1,2, 3. These
vectors can be defined in several ways, and here we adopt the
following definition (see Fig. 2):

1 1 _
81=a(é), 82=a<_é), 63=a< (1))
2 2

The unit cell of graphene contains two atoms and is defined by
the following unit cell vectors: a; = §; —§83 and a, = 6, —38s. If the
coordinates of the first site in the unit cell are chosen to be zero,
then the coordinates of the second one will be u = §; + §; — §s.
With only NN hopping active, each unit cell is connected to its
four nearest neighbors at lattice shifts T = +aq, +a,.

power-law as a function of distance. Thus the more accurate treatment reveals
no long range correlations in 1D systems, although a sizable superconducting
correlations are also predicted by bosonization.

Table 1
k-dependence of the gap function in case of extended-s, dy2_,2, and dy-wave
superconductivity on 2D honeycomb lattice. The vectors {&;}, connecting a
graphene site to its three nearest neighbors are defined in the text.
Extended-s de_y dyy
20ik81 _ oiks; _ oikss

AK) ~ eikd1 | ikd; | oikd3 oiko2 _ oikss

Superconducting phases on honeycomb lattice can come out
with several symmetries: extended s-wave, d,2_2-wave, dyy-
wave and several triplet pairing symmetries (like p-wave); corre-
sponding to different fixed relations between the superconduct-
ing order parameters <CrTT cf +6,,)- In the present work, we consider
only the extended s-wave, d,»_»>-wave, dy,-wave and report the
k-space dependence of their gap functions in Table 1. We would
like to emphasize here that the gap functions have to be complex
as a consequence of the graphene’s honeycomb lattice.

The Hamiltonian of free electrons, hopping at NN distance on
honeycomb lattice, reads as follows:

- _ E T
Hy = —t CrsCryose
s.r

where t is the hopping matrix element. It can be readily diago-
nalized, yielding the well-known graphene spectrum:

3 3
E(ky, ky) = :I:t\/B + 2 cos v/3k, + 4 cos gky cos Ekx'

It manifests the Dirac cones at K = (3, 3) and K’ = (3, 3)
points of the Brillouin zone.

In Ref. [23], it was argued that a sizable exchange correlation
J in graphene could arise from on-site Hubbard repulsion U: | =
%. We remind the value of t known for long time in graphene:
t = 2.8 eV, (see [26,27] and reference therein) while U estimated
in Ref. [7,23] is U = 3.3t. These estimates give for the ratio
J/t = 1.7.

With the exchange term the full interacting Hamiltonian be-
comes:

nga =Ho+]J Zsrsr+57
8,1

(18)

where the spin operators are defined through the fermionic op-
erators according to Eq. (3).

We treat the Hamiltonian equation (18) within the mean-field
approach in ® @ according to the formalism outlined in the pre-
vious Section 2 and compare our results with those of Refs. [7,23].
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»-wave phase of graphene. n = 0.1/atom, T = 107°t, | = 4t (J = 6t in the notations of Ref. [7]). I"’ point

is the center of the adjacent BZ with the coordinates (1, 0). Notice that in this case, a difference appears between K and K’ as well as between M = n(%, %) and

M =n(3,0).

In the case of graphene, which has two atoms in the unit cell (site
A and site B), we set L = 2. Therefore, the density matrix in real
space is a 8 x 8 matrix for each distance. Here we consider the
t — J model on honeycomb lattice in which all the terms (both
kinetic and interaction parts) have the range extending to at most
NN inter-cell lattice shift T = ay(), as shown in Fig. 2. In addition,
there is always present the local density matrix at t = 0. For the
sake of illustration, we show below local part of p:

p(r =0)
ny 0 r2y 0 0 0 0 —A’{Z
0 nip 0 121 0 0 A7, 0
r2y 0 nay 0 0 7A’1'2 0 0
_ 0 124 0 na4 A’]‘z 0 0 0
0 0 0 A 1-nyy 0 —Tr12y 0
0 0 —Aq 0 0 1—ny4 0 —Tr12¢
0 A1 0 0 —Tr12y 0 1—nyy 0
—Aqp 0 0 0 0 —T124 0 1—ny4
(19)

where various parameters appearing inside Eq. (19) are 7 = 0
limit of the following correlation functions:

ns(t) = (C,ESC,RHS) intra-sublattice hopping
rlZS(r) = <C;rRsC2R+rs>

Ap(t) = (CIRTCSR_'_W) inter-sublattice sc. paring.

inter-sublattice hopping

Here, i 1,2 is the orbital index, t is the given unit cell
separation, s is the spin index. In addition, we consider only the
non-local superconducting averages.

In the case of the extended-s phase, all A, at lattice shifts
t = 0,7 = a; and T = a, are equal, while in the dxz_yz case:
App =0att =0and A;p(t = a1) = —Ap(t = ay), finally in
the dxy case: A]z(‘( = 0) —2A12(‘C = Cl1) = —2A12(T = (12).
Zw ni,(t = 0) = N fixes the chemical potential by imposing
the average occupation per unit cell to be N/ = 2. The angular
dependence of the superconducting gap in k-space for the three
symmetry cases [7] is summarized in Table 1.

Let us discuss the difference in treatment of the exchange term
in ®@ and in the reference articles. Namely, in the former we
retain all non-superconducting terms in the mean-field decou-
pling of the Hamiltonian term proportional to J (see Appendix A),
while in the latter the hopping renormalization, arising from the
linearized exchange term was not taken into account. That is
to say, discarding the last term in Eq. (A.5). Moreover, when
making the mean-field average, the coefficient of % in front of
J was omitted too. In order to compare our results with those of

Ref. [7], we rescale ] down to a factor of % and discard the hopping
renormalization in this subsection. With this assumptions, the
agreement with the reference data of Ref. [7] is excellent, as can
be seen from the right panel of Fig. 2, where we compare the
critical superconducting temperature T, as a function of doping 7
(per C atom) at ] = 1 in the notations of Ref. [7]. This agreement
holds for both extended-s and d,»_,.-wave phases (we did not
found the data for T. in dy,-wave phase). We would like to
emphasize that each point in the right panel of Fig. 2 is a result of
a graph similar to the left panel of Fig. 1 with many points, each
being a solution of self-consistency equations (12). This proves
the solidity of our benchmark.

To have an insight into the electronic structure of these two
solutions, we compare the density of states (DOS) and the band
structure in the extended-s and d,2_,2-wave phases, as shown in
Fig. 3, where we increased the Heisenberg exchange in order to
visualize better the fine gap details. One can see that in the former
case, there is a full gap in the DOS, while in the latter case DOS
goes to zero linearly in the vicinity of @ = 0 as expected for
d,2_,»-symmetry gap. In the k-space, the true gap opens at K (and
K’) points for the s-wave phase, while for the d,2_,.-wave case
there are only two nodal points on the line M — K — I’ whose
exact position depends on doping 1 and J. Notice that in the latter
case, there appears a difference between K and K’ as well as
between M = 7(3, 3) and M’ = (3, 0). Peculiarly, in the latter
case the linear spectrum, intrinsic to Hy is restored in the dxz_yz—
wave solution, although bearing a different meaning of Cooper
pair nodal quasi-particles. In addition, the overall appearance
of the band structure is very different in the two cases: in the
extended-s case k-dependence of the bands is that of the non-
interacting dispersion (although renormalized by a coefficient
proportional to J), which is also the gap function in this case,
while in the d,2_,2-wave case the overall k-dependence is a result
of both non-interacting dispersion and the corresponding gap
function. Such a big difference in the band structure leads to a
sizable change in the total free energy among the phases. In Fig. 4,
we show the comparison of the free energy as a function of J the
three superconducting phases. The extended-s phase is the lowest
one at ] > 0.75t (in the notations of Ref. [23]), while for | < 0.75¢
the d-wave phases (almost indistinguishable between each other
in free energy) are most favorable.

We emphasize that the symmetry classification, derived in
Ref. [23], is only rigorous in the proximity of the transition
temperature, since the linearized self-consistency equations were
used. Another validity condition for this classification is ne-
glecting the band renormalization as explained above. Treat-
ment of the full interaction term would introduce additional
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Fig. 4. Comparison of the J-dependence of the free energy for s-, dy2_,2- and
dy,-wave phases of graphene with the J definition compatible with the Ref. [7].
Doping is fixed at » = 0.1 per C atom. Superconducting solutions do not
exist for small J; the respective SC order parameters flow to zero, so that the
system transits to a Fermi-liquid solution with the free energy independent on

J(F() ~ —1.8¢).

non-superconducting order parameters and would complicate
significantly the symmetry analysis. Under the conditions of Ref.
[23], we have found that for the extended-s and d,>_,2 phases the
respective symmetry relations hold exactly in the whole range of
their existence, while for the d,, phase the symmetry relations
are only asymptotic in the limit T — T,. By this we show the
workability of the ®¢@ for a multi-band model and accessibility
of the BCS states of different symmetry in it together with their
temperature dependence.

4.3. Magnetic phases of iron

The magnetism of iron is of vital fundamental and technolog-
ical importance and was extensively studied (see e.g. Ref. [28]
for review and references therein as well as Ref. [29,30]). Among
various iron phases we chose «- and y-Fe in order to benchmark
©d. In a-Fe we compared the FM phase as obtained in ®®
and DFT+U calculations in VASP, while in y-Fe after comparing
the NM and FM phase with VASP DFT+U, with use of ®® we
addressed the AFM phase as well.

We have performed DFT simulations using vasp [31] in the
PBE/GGA [32] version. The energy cutoff was set at 500 eV. In
the DFT+U calculations, U = 6 eV, ] = 1 eV within Dudarev’s
formulation were used [33]. These are the values of U and J,
typically used for iron. In addition, they are small enough so that
the edges of the Wannier90 disentanglement window remain far
enough from the Fermi level, thus ensuring good comparison with
VASP results. On the other hand, we would like to emphasize,
that the value of U is not transferable among different ab-initio
codes and other considerations should be employed in order
to determine U in each case (see e.g. Ref. [34]). The effective
tight-binding Hamiltonians used as input for ®® was obtained
by waNNIERgO [8] (see Appendix C for details). The Hubbard-
U correction terms were applied to Fe d orbitals both in DFT
and © @ settings. We have used the same values of U and J for
comparison with vAsp. In order to tackle the problem of double
counting, typical in post-DFT approaches, we implemented in ® @
the modified Coulomb term of the form [35]:

Hy = E Z Uw (nl.r,a - (n?,r,rr» (nl/-r~—‘7 - <n?/»h*5>)’ (20)

LU,r,o

1
t3 Z WU =Jw) (Mro = (0r ) (o = (10,5)) »

LU,r,o

Table 2
Total energy gain E,: and Fe magnetic moment comparison between ®¢® and
VASP for ferromagnetic calculations in «-Fe.

NM M (0®) FM(VASP)
AE: (eV) 0 —27 -2.1
w (us) 0 3.4 3.1

which has both Uy and Jiy terms orbital dependent while (nf, )
are average occupations of the “correlated” orbitals as coming
from DFT. Rewritten this way, the Hubbard U term describes the
electronic fluctuations around the DFT values, without shifting
the center of mass of a “correlated” band as a whole. In general,
the problem of double counting does not have a unique solution
since the exact amount of correlations within DFT is difficult to
estimate. The functional form used in Eq. (20) is usually referred
to as the Fully Localized Limit (FLL). FLL is implemented in VASP,
that is why we use it in our benchmark. On the other hand
an alternative form for double counting called Around Mean
Field [35-37] (AMF) approximation can also be used in ® ®@. From
the practical side, the interaction term equation (20) can be easily
“assembled” from the elemental bits defined in Appendix A. For
the sake of comparison with VASP we used isotropic Uy = U and
Ji7 = J, although ®® can handle arbitrary interaction matrices.

Below, we discuss which terms contribute to the Wick’s the-
orem decoupling of Hy in ®® as compared to DFT+U. In the
former, we retain all the terms in Eq. (A.4), while in DFT+U only
the first, “decoupled” term is retained [36,38]. Even if the ground
state without “anomalous” averages is considered, there are al-
ways sizable terms, contributing to the inter-orbital hopping,
missing in traditional DFT+U. Our treatment, therefore, is more
complete and consistent.

For a-Fe we used the bcc lattice with a = 2.858A and a
8 x 8 x 8 Monkhorst-Pack k-point mesh [39] (both in ®¢® and
VASP). In this case we considered a ferromagnetic solution (FM)
and a non-magnetic solution (NM) and used the energy of the
latter as a reference point for comparing the relative stability
of the former. It can be seen from Table 2 that the agreement
between ®® and VASP is in general good: FM state gains the
energy with respect to the NM one and the d-shell magnetic
moment is very similar. The energy gain in ® @ is approximately
20% greater, due to correct treatment of the intra-atomic orbital
hopping terms as explained above. The comparison of the band
structures is presented in Fig. 5. The overall agreement is very
good. The discrepancy can be mainly ascribed to the different
localized bases used in VASP and in ®@. In VASP, the DFT+ U
is formulated for the charges inside PAW spheres, while in ® @
for the charges occupying the Maximally Localized Wannier Or-
bitals (MLWO). This implies somewhat smaller splitting of lower
and upper Hubbard bands for ®®. In addition, at larger U, the
margins of the disentanglement window, where the Wannier90
bands start to deviate from the VASP ones, may come closer to
the Fermi level, thus introducing further bias.

For y-Fe we considered the fcc lattice with a = 3.583A and a
8 x 8 x 8 Monkhorst-Pack k-point mesh [39]. In addition to the
FM and NM states defined above, in this case we also consider
an antiferromagnetic state (AFM) with the pitch vector Q =
(0, 1, 1) in terms of the vectors of the reciprocal lattice given
relative to the primitive cell, which corresponds to an alternation
of oppositely magnetized ferromagnetic planes along the z-axis
of the conventional cubic unit cell.

We found that in y-Fe, the NM state has the highest energy
among all the states considered. It can be seen from Table 3, that
at U = 6eVand] = 1 eV, the FM and AFM spiral states with
the above value of Q are lower than the NM one and are close in
energy, being the FM state slightly lower (by 0.04 eV in ®® and
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Table 3

Total energy gain AE,  and Fe d-shell magnetic moment comparison be-
tween ®@® and VASP for ferromagnetic and anti-ferromagnetic [Q = (0, 1, 1)]
calculations in y-Fe.

NM FM (@®) AFM (@) FM(VASP) AFM (VASP)
AEee (eV) 0 —2.64 —2.60 —2.32 —2.24
w (d-shell, uz) 0 3.24 3.10 3.24 3.10

0.08 eV in VASP respectively). We have checked that increasing
U, the AFM state eventually wins over the FM one, although the
band structure agreement becomes somewhat worse because the
edges of the Wannier90 disentanglement window are pushed
closer to the Fermi level. We point out that both the FM and AFM
states energy gains are well reproduced in @@ as compared to
VASP. Finally, the d-orbital magnetic moment in ®® appears to
be identical to the VASP one up to the second digit. The very good
comparison of the band structure results for FM y-Fe is presented
in Fig. 6.

5. Conclusions and perspectives

As we mentioned in the Introduction, the available software
possesses a limited functionality with respect to the possible
magnetic superstructures. The generally implemented technology
of multiplying the chemical unit cells allows to mimic only com-
mensurate magnetic structures and even the simplest of those,
since increasing the unit cell size by a factor of n leads to the
n? increase of the required computational resources due to the
requirements of the diagonalization procedures. On the other
hand, our new package ® @ allows to treat the incommensurate
spin structures, RVB and BCS variational states at a modest com-
putational cost, which does not depend on the variational wave
function details e.g. pitch vector Q.

On examples of two model Hamiltonians — the Hubbard
one for one-dimensional chain and the t-] one for graphene
we demonstrate the capacity of the package to reproduce the
temperature dependent BCS solutions in these models. The char-
acteristic features of the obtained dependency of the BCS order
parameters known from analytical theory are reproduced. Since
the tight-binding Hamiltonians are the inputs for the proposed
procedure, the ports to the sources of such are developed. With
the use of the tight-binding parameters as extracted from the

VASP calculation projected on the 3d4s4p local basis the band
structures of the ferromagnetic bcc and antiferromagnetic fcc
iron as well as the respective magnetic momenta and the rel-
ative energies with respect to nonmagnetic phases are fairly
reproduced. The antiferromagnetic ordered state is described by
imposing the experimentally known value of the superstructure
wave vector, without extending the chemical unit cell. By this the
applicability of the code to the multi-band models of interacting
electrons in solids is demonstrated. Moreover, there exists a close
relation [40] between the BCS state and the resonating valence
bonds state, introduced in the solid state context [41] as an
option for frustrated antiferromagnets and later hypothesized
to be the state of high-T, cuprate superconductors [42]. Owing
to this relation, our package ® @ is ready for direct simulation
of such states too. Finally, we would like to point out that the
treatment of spin dependence of the Hamiltonian terms in @ @ is
completely general, therefore allowing to consider the systems
with spin-orbit coupling. This can be done by specifying spin

dependent hopping matrices ti}f/(r) from Eq. (2) — an option

already available in ® @. Alternatively, ti'f/(t) can be directly im-
ported from ab-initio codes through either wannier90 or lobster
programs. In addition, also the triplet superconductivity (i.e. the
superconductivity with the total spin of the Cooper pair equal to
one) can be addressed by setting the appropriate order parameter
symmetry, since in @@ this is under complete user’s control.
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Appendix A. Mean-field decoupling

As mentioned above, the decoupling serves to produce the
Fockian (mean-field Hamiltonian) from the original Hamiltonian
and a density matrix. In the original Hamiltonian the electron-
electron interactions (e.g. the Coulomb ones) enter through the
products of four Fermi operators c]T czc3T c4. The decoupling of the
products of four operators is based on Wick’s theorem [5] and
replaces them by an expression containing products of only two
operators complemented by the averages (...) of the product of
two remaining operators — the elements of the density matrix
used for decoupling:

IC2C§C4 = <CIC2> C§C4 + CICZ (C;C4> — <CIC2> <C;C4>
— <CIC4> C;Cz — CIC4 <C§C2> + <C1C4> <C§C2>

+ <CIC3T>C4C2 + clfcg (caCa) — (cIc§> (c4€2)

c

(A1)

(the products of the two averages — the last terms in each row
are serving to make the mean value of the mean-field Hamil-
tonian equal to the mean value of the original Hamiltonian).
In the standard software only first two rows of Eq. (A.1) are
implemented, setting the anomalous averages ci cl) and (cscr)
identically equal to zero. These averages are characteristic for
the BCS and RVB solutions of the SCF electronic problem and are
not generally vanishing in our setting. The presence of the non-
vanishing anomalous averages breaks an important symmetry
tacitly assumed in all quantum chemistry software: the conserva-
tion of the number of particles. As a consequence, non-vanishing
matrix elements between the electron and hole states appear in
the mean-field Hamiltonian.

Here we report the mean-field reduction of the Hamiltonian
terms Hy, Hy and H;. We begin with Hy. The most general form
of Hy considered here reads as follows:

Hy(s,s)=Y USch o o e =N Un,snp,g. (A2)
US> )= L e stirstr s s T L thrstrse A

Ll,r Ll

The average value is:

(Hu(S, S,)> = Z U,s;/ {(nl,r,s> <n1’,r,s’>

LU

i T
- <Cl,r,scl’.r,s’> <C1’,r,s’ Cl,r,s> O s

Tt
+ <Cl,r,scl/,r,s’> <Cl’.r,s’cl,r,5> 85/-—5} .

Here the first term is the “uncoupled” one, the second term
describes the inter-orbital hopping (Coulomb exchange), while
the last one is due to superconducting fluctuations.

The “linearized” mean-field term becomes:

H[I\]/IF(S’ s) = Z Uls’}rS/ {(nl,r,s> ny s + (nl’,r,s’) Nirs

LU,r
- (<ClTr,sCl’,r,s’> C;,r,s’cl,r,s + (C;,r,s’cl,r.s> ClJ,rr,SCl’,r,s’> 85’5
+ <<C1Tr,scl]:,r,s/> Cl/,r.s’cl,ns + <Cl’,r,s’cl‘r,s> ClTr‘sClt,r,s’) 55/'_51
= Z Ui}f/ { P (O)nyr s + prs s (0)y s

Ll

- (pls,l’s/(O)Cl?rys/ci‘r,s + pl’s’,ls(o)czryscl/,ns/) 85’,5

(A3)

(A4)

+ (pls’l/+2Ls/(O)Cl’.r,s’cl,r,s + p”+2L5’JS(O)CZr,sC;.r,s’) 83/’73}.

Here we recall that the density matrix is a 4L x 4L matrix, so
that the index {Is, | + 2Ls} signifies the particle-particle (super-
conducting pairing) channel. It can be easily seen that (H{‘,”F ) =

(Hy).
We now turn to Hy.

(Hy) = > Vir(e) {{n) (i)

Llr,t

t T
- Z <Cl,r,scl’,r+r,s> <Cl’,r+r,scl.r,s>
s
LS
+ Z (C’-"~$Cl’,r+r,—s> (CI’,r+r,—sCl,r.s>
s

MF T Il
HV = Z V"l/(r) {(nl=r>Cl’,r+r,scl’,r+r,s + (n”~f+f>cl,r,scl,r.s

Lr,s

_ t T _ AT f
<C1,r,scl/,r+z,s>Cl/,r+r,scl,r,s <Cl’,r+r,scl.r,s>Cl,r,scl’,r+r,s
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f t I 1
+ <CI,T,5C1’,r+r,—s> CI’.r+r,—sCl,r,s + <Cl’,r+r,—scl,r,s> Cl,r,scl’,r+r,fs }

= > Vil T): E P11 (0)C) o s

Ll,r;s

+ Z Pl’s/.l’s/(o)cl,r,scl,r,s

s

oot
+ pl,s,l’+2L,7s(T)C[/’r_,_,,_scl,r,s + pl’+2'~,*5~1»5(_r)Cl,r,sclf,r+z,—s
t T
- pl’s'I,’S(T)Cl/.r+r,rrcl,r,3 — pl’,s,l,s(_T)C['r,scl/’r+.[75 .

As before, (H)'f) = (Hy). Finally, we consider H; term.
DI

Slr < l’r+r>
Il’rrozﬁ

z : ]ll’ tt’ ss’

Il’r T,0,8,
t,t's,s'

i T
X { - <Cl,r,tcl’¢r+t.t> <Cl’,r+r,t’cl,r$t’> Os.005¢ (A5)

oot
+ <Cl,r,tcl’,r+r,—t> <Cl’,r+r,—t’cl,r,t’> 8s.~tds v } :

Here, the first, term also called “decoupled” is merely a product
of average spins at corresponding sites and can be simplified as
follows:

ZJI (v

ll’rz

Sl r SI’ r+r> ’

as the averages of other spin components are zero. The sums on
a, B,t,t',s, s with Pauli matrices can be simplified by noting
that half of the Pauli matrices elements are zero. This can be
more compactly rewritten upon introduction of three very simple
auxiliary matrices A, B and C:

1.0 0 0 0 O 0 —-i 0
A=(0 1 0); B=[0 0 0); C=(|i 0 O0].
0 0 O 0 0 1 0 0 O
Z-’ll’ Slr < r, r+z>

LU'r,
1
+3 > (Tr [Ju()A] 8- + Tr [Jur(7)B] bs.s

.08
L',
7,55

+Tr [Jl,l’(f)c] 85,*5’(_1)5) S

T t
i - (Cl,r.scl’,r+r,s> <Cl’,r+r,s’cl,rs’>
T T
+ <Cl.r,scl’.r+r$—s> (Cl’,r+r,—s’cl,r$s’> }

Z ]1 r\T Slz’ r+r>

ll’rr

£ Y (o) { S ERCIRACRE

LU,rt
ot
+ (Cl,r,TCI’,r+r,¢> (Cz’,r+r,LCj,r,T>

T T T T
- (Cl»r-icl’,r+r.¢> (Cl’,r+r,TCl,r.T> + (Chnicl”rﬁ—rﬁ) <Cl’,r+z,Tcl.r,¢>}

+ ; Z (Jl l’( T) - ]ll/(t)) { _<CIT,r,TC1/,r+m><C1T/,r+r,¢cl,r,¢>

LU,r,

T T
+ (CIJ’TCI/.r+I,l> (Cl/,r+r.TCl,r.l>

i i
- <Cl T, Lcl’ r+1,l <Cl’ r+t, ¢Cl T, ¢> + <Cl,r4,¢cl’,r+r,¢> <Cl’$r+r,¢cl,rﬁ>}

)
izl

Il’rt

i
G, r.TCl’,r+z,T> <Cl’.r+r,¢clml>

+ (Cl r.t I’ r+t, ¢><Cl r+t, ¢Clr T)

- <C1r¢ Vort, ¢>< U,r+t, ¢C1r¢>

<CI P, T> (Cl/,r+r.TC’«'»l>}'

Here, the discrete function (—1)° means +1 for s =4 and —1
otherwise. The expression for HMF is obtained from the above for-
mula by “linearization” procedure which consists in substitution

in each product like <Cl,r,TCI]: ><c,, > with an operator
of the form

T T Il T
<Cl’.r+r,¢cl,r,T> Cl,r,TCI’,r+r.¢ + <Cl,r.TCl’.r+r,¢> Cl’,r+r,LCl,r,T'

The resulting expression is somewhat lengthy and is not reported
here for brevity, but fully implemented in ® @. As always happens
with the mean-field “linearization” (H"f) = (H;).

N ,r+r,¢cl,r,T

Appendix B. Spin rotations of the hamiltonian terms

In order to deal with arbitrary direction of spin—% quanti-
zation axes for each local orbital we implement the standard
quantization axis rotation formulas:

9 v
2n9 = 00 COSE —i(n, o)sin 3 (B.1)

which describe a rotation by angle ¥ around a rotation axis with
the unit vector n = (ny, ny, n,). Here ¢ = (oy, o0y, o) is the vector
composed of Pauli matrices, while oy is the 2 x 2 identity matrix.

In paper [43] it is shown that the Bloch states for the electrons
in a lattice can be built from the local states defined with respect
to the local (unit cell related) axes of the spin quantization.
These authors profit from the fact (explicitly not formulated) that
rotations in the spin space around the y-axis form a commutative
(sub)group (in fact the SO(2) group) in the general group SU(2) of
the spin rotations and thus its elements can serve as images for
a representation of the elements of another commutative group:
that of the lattice translations. The same is, however, true for
an arbitrary vector n fixed for all unit cells of the lattice not
necessarily for n = (0, 1, 0). We use this option and allow the
direction of n to be an optimized variable. Anyhow the relative
rotation angle between two unit cells shifted by a lattice vector
(one with integer components) t is given by

=(7,Q (B.2)

where Q is pitch or superstructure (wave)vector (belongs to the
reciprocal space). This defines the matrix

2(n, 7,Q) (B.3)

which must appear inside each product of the vector creation/
destruction operators representing the electron hopping between
the unit cells separated by the shift vector 7. For = = 0,
2(n, 7,Q) = oyp.

It is not necessary, however, to assume that the spins within a
unit cell are all quantized along the same axis. That is to say that
one can assign to each orbital in the unit cell its own rotation
matrix determining the direction of its quantization axis in the
global “laboratory” frame. Let SU(2)-matrices §2(I) and £2(I') be
those which rotate the spin quantization axes of the Ith and I'-th
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Fig. C.7. VASP and Wannier90 band structure comparison for «-Fe (left panel) and y-Fe (right panel). Red dotted lines are the Wannier90 bands, while blue solid
ones are VASP bands. Energy levels are shifted so that the Fermi energy is at zero. The horizontal green line shows the upper bound of the inner frozen window

used in the Wannier90 disentanglement procedure.

orbitals in the unit cell. Then for the pair of such orbitals when
the I'-th orbital is located in the unit cell shifted by the lattice
vector 7 the matrix multiplier
2Th2(m, T, Q) (B.4)
must be inserted between the fermion-vector multipliers repre-
senting the electron being destroyed in the I'-th orbital and one
being created in the Ith orbital. This matrix is as well of the form
given by Eq. (B.1).

As anticipated above, in order to describe magnetic ordering
we employ the unit-cell dependent spin quantization axes. It is
not necessary, however, to assume that the spins within a unit
cell are all quantized along the same axis. That is to say that one
can assign to each orbital in the unit cell its own rotation matrix
determining the direction of its quantization axis in the global
“laboratory” frame. Let SU(2)-matrices £2(i) and £2(j) be those
which rotate the spin quantization axes of the ith and jth orbitals
in the unit cell. Then for the pair of such orbitals when the jth
orbital is located in the unit cell shifted by the lattice vector 7
the matrix multiplier

2120, 7, Q)

must be inserted between the fermion-vector multipliers repre-
senting the electron being destroyed in the jth orbital and one
being created in the ith orbital. This matrix is as well of the form
given by Eq. (B.1).

Here we report without derivation the formulas for the trans-
formation of the matrix elements of the Hamiltonian terms in-
volved in ®®. To begin with, we note that the extended Coulomb
interaction Hy only depends on the total occupation of a given
orbital e.g. n; which in turn is invariant with respect to the spin
quantization axis rotations, therefore so does Hy.

The on-site Hubbard one Hy (o, o) depends on individual spin
component occupation operators n;, and hence, in principle, is
not invariant under spin rotations, however, only spin rotationally
invariant Hubbard term (after summation on spin indices) has
physical meaniqg, which in turn is determined by the form of
the matrix Ujffj.’," . Therefore, only such form of matrices, like in
Ref. [35] is used in ©® .

The most general for of the kinetic energy can be written as:

§ : ss
Clrstl] T)er+rs”

ij,r
7,s,5

(B.5)

where the tensor tfj./(r) defines kinetic energy matrix element

*
and due to its hermiticity we have tfj’(r) = (tfj’(—t)) . If each
orbital i is allowed to have its own quantization axis, rotated with
respect to the “laboratory” frame by the angle #%; around the axis
n; and there is a pitch vector Q, then tfj./(r) becomes:

(1) = 28, (O (1)2,,(1)2,4 (),

where we assume summation over repeated indices.
The Heisenberg exchange term has the most general form as
follows:

PV RINN

ij.r

T.a.8

zr ]r+r

The transformed matrix element J*#(i, j, 7) becomes:

JG0, 4, T) = (TTQMUGJ, OT (21T [23)])*

where the notation e.g. T [§2] signifies the 3 x 3 vector rotation
matrix by the angle © around the axis n:

0 n, —ny
T [2]=T[¢,n]=cosd?+sind| —n, O Ny
ny, —ny 0

n2 o omen,  ngng
2
+ (1—cos?) | mny, n, nyn,
nn, nyn, n?

Here I is the 3 x 3 unit matrix.

Appendix C. Details of maximally localized wannier functions
fitting

Here we present a comparison (shown in Fig. C.7) of the VASP
band structure against the one obtained from Wannier90 effec-
tive Hamiltonian for «-Fe and y-Fe. The effective tight-binding
Hamiltonian was obtained by WANNIERgO [8], using the disen-
tanglement method with the inner window of [—2.61 : 21] eV
and the outer one of [—2.61 : 70] eV. Local orbitals of s, p and d
character were included and the final Hamiltonian, expressed in
the maximally localized Wannier orbitals basis was used as input
for © .
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