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Abstract—In the present paper we apply an analytical approach based on the (Quantum) deductive
molecular mechanical (DMM) to the principal component of upper and middle Earth crust—silica
(Si0,) to study its polymorphs, trying to cover different coordination patterns occurring, respectively at
ambient and somewhat higher pressures. Some characteristic structure features of either family of poly-
morphs are reproduced with a reasonable precision within a very simple physically sensible model. Spe-
cifically, the microscopic nature of the instability of the low-pressure phases towards Si—O—Si bending
is revealed eventually paving a way towards understanding the entire field of “tetrahedral” polymorphs.
As for higher-pressure “octahedral” polymorphs, some “proof-of-concept” estimates are performed,
showing a perspective way of extending DMM technique towards higher pressures in a more numerical

than analytical fashion.
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1. INTRODUCTION

The first most widespread' mineral in the Earth
crust is silica (Si0O,) [1]. It is characterized by a wide
diversity of crystalline forms featuring different coor-
dination types/numbers either for Si- or O-atoms.
These forms show deep analogies with similar struc-
tures of group IV elements [2] and water [3]. Their
variety is illustrated by Table 1 and Fig. 1.

As one can conclude from it, the entire range of
densities corresponding to the specific volume Vg,
between 330 and 224 Bohr3/SiO, is occupied by the
polymorphs with coordination numbers CN(Si) = 4,

CN(O) = 2.2 Somewhere between 225 and 170 Bohr?
the coordination numbers change to CN(Si) = 6,
CN(O) = 3 in higher density (higher pressure) phases.
Although the entire range of larger specific volumes of
~330—224 Bohr follows the same local coordination
pattern—vertex sharing SiO, tethahedra, the specific
structures viewed from the crystallographic point of
view are pretty different (see column “Symmetry” of
Table 1).

If one considers these phases within a standard

numerical approach of solid state quantum chemistry
(PAW/DFT paradigm, see e.g., [13]), like in [14, 15],

Lor second, if one takes a freedom to ascribe water to minerals.

2 Lower density—lower pressure.

each of chemically identical phases must be addressed
separately since the space group, Brillouin zone,
Bloch states, etc. are completely different [16].

As an alternative to the quantum chemical treat-
ment of silica polymorphs, force field methods [17—
19] targeted towards them have been developed [20—
22]. They are based on two-center interactions, funda-
mentally Coulomb ones, of some effective atomic
charges complemented by various repulsion and dis-
persion terms [21], which are further complemented
by charge equilibration procedures as suggested in [23]
and with Morse potentials designed to emulate the
chemical (covalent) bonding. The pairwise interac-
tions implemented in these fields miss the directional-
ity characteristic for covalent bonding. Having
reached certain success in describing coarse features of
the silica polymorphs like ¢/a ratio in quartz or Vg,
etc, more subtle features are not covered by the purely
two-center atom-atomic potentials. One can even say
that with their use the correct results are obtained for a
wrong reason. More involved three-center parameter-
izations eventually reproducing even that which is
called “many-body effects” (eventually covering the
angular dependencies of the bonding interactions) are
derived by implicitly including information about
quantum/chemical effects through fitting the values of
the two- and three-center parameters against a selec-
tion of DFT calculations.
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Fig. 1. P—T phase diagram of silica polymorphs [35, 36].
Strait boundaries between phases have following slopes:
stishovite/coesite: 1.86 % 1073 GPa/K; coesite/o.-B-quartz:
8.15 x 107* GPa/K; B-quartz/tridymite-cristobalite 7.69 X
107* GPa/K; o/B-quartz: 3.85 x 107> GPa/K; tri-
dimyte/cristobalite: —1.54 % 10-3 GPa/K (observe negative
slope in the last case). “Minor” phases are color coded: tri-
dimite — yellow; cristobalite—green; fluid—cyan.

Previously we developed a method of analysis of
electronic and spatial structure of molecules and
materials intermediate between standard quantum
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chemistry and force field approaches—the Deductive
Molecular Mechanics (DMM) [24—26]—which is
free of the mentioned shortcomings and allows one to
concentrate on the relevant physics. DMM is a model
of electronic and spatial structure of molecules and
crystals which permits to obtain the results of quantum
chemical quality (effective charges, bond orders,
interatomic separations and even heats of formation)
with the computational costs of force field methods.
The key feature of the DMM is the representation of
the electronic structure of the material (or molecule)
in terms of observable elements of electronic struc-
ture—generalized chromophores—like two-center
bonds [27, 28] formalized within the theory of elec-
tronic group functions [29]. This produces the princi-
pal difference of the DMM from the traditional force
fields [17—19]: the energy components in DMM are
derived from well established quantum mechanical
models of electronic structure. Thus, the DMM con-
tains variables characterizing the electronic structure
in addition to purely geometric ones of the usual force
fields. Applied originally in the low-symmetry molec-
ular context [25, 26, 30], later DMM has been
extended to crystalline systems [16, 31—33]. In addi-
tion to significant reduction of computational costs it
allowed us to develop analytical models for the struc-
ture-energy dependencies of the corresponding spe-
cies, that could qualitatively (and even semi-quantita-
tively) reproduce phase diagrams of some fundamen-
tal elements (stoicheia) of ancients, namely, fire [34]
(actually, of C, occurring in flames) and water [16] (of
which we considered solid water phases—ices). Fur-
thermore, we applied similar ideas to carbon allo-
tropes [31—33] comparing diamond and graphite and
being able to reproduce the energy difference of the
order of 1 kJ/mol between them.

In the present paper, we propose an analogous
consideration of the principal component of upper
and middle Earth crust—silica. Two characteristic
(limiting) cases of tridimite/cristobalite featuring the

Table 1. A selection of silica polymorphs addressed in the present paper

Polymorph Symmetry Vsio, (Bohr?) M Si—O-Si, deg Si,05, deg
B-Cristobalite! | Fd3m [4] 355 4.45 180 60
B-Tridymite P6y/mme [5] 309 4.44 180 0/602
o-Tridymite €222, [5] 298 174/176 0/602
a-Cristobalite P4,2,2 6] 289 146.5 60.83
B-Quartz P6,22 [7] 266 4.40 153.3
o-Quartz P3,21 [8] 254 143.7
Coesite C2/c 9, 10] 231 137.36/144.5/180
Stishovite P4y /mnm [11] 157 4.78/4.763

'In [-cristobalite Si atoms form the cubic diamond lattice and are bound by O bonds.
2 Of three Si—O—Si bonds in the unit cell two are in eclipsed conformation and one in staggered.

3 Corresponds, respectively, to rutile I and rutile 11 structures [12].
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tetrahedral coordination of the Si atoms by sp? oxygens
and of seifertite/stishovite with the octahedral coordi-
nation of the Si atoms by sp? oxygen atoms are com-
pared within the analytical approach.

The paper is organized as follows. In Section 2 we
following [16] remind the general DMM scheme in
relation to crystalline systems and specify the elec-
tronic groups (see below) relevant for description of
the low- and high-pressure silica polymorphs. In Sec-
tion 3 we provide results of our treatment and of some
numerical experiments based on it. Details of the
numerical modeling are given in Appendices. In Sec-
tion 4 conclusions and outlook are given.

2. SILICA ENERGETICS WITHIN DMM
2.1. DMM Background

The formal definition of the deductive molecular
mechanics (DMM) suitable for description of crystals
is formed by the following ingredients: (i) the elec-
tronic wave function of the crystal is the (antisymme-
trized) product:

H‘Pi;we') (1

of the (group) functions ¥}, (N el) [29] of coordinates of

N, " electrons in each of the groups g in the unit cell r.

The functions ‘I’Z, are formally defined by their

expansion over the Slater determinants (denoted as
usual by |..):

(rg) h(rg)
el

z C(g)

built upon the hybrid atomic orbitals |/ ‘ (’g)> (HOs) [24]

ascribed to the gth group (spanning its carrier space) in
the rth unit cell.

All the functions Eq. (2) are the same in all unit

()

cells r in that sense that the expansion coefficients A,(j)

of the HO ‘h(rg) > over the AOs |ar) centered in the rth
unit cell do not depend on r:

)= AL ar). (3)

Under these assumptions the total electronic
energy corresponding to the wave function Egs. (1)—
(3) acquires the form:

el mt
tot Z E + Z rgr'g'

r'g'<rg

4)
- Z(Egjg + Z ‘j;‘,gj,

rgg’
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where the subscript rg refers to the gth group in the rth

unit cell of the crystal and the quantities E,, 'and E;;: o
are, respectively, the mean values of the Hamlltoman
operator for the group rg (eventually independent
onr) and of the operator of interaction between

groups rg and r'g' (dependent only on the difference

(r — r')). The second equality appears due to the fact
that electronic groups are the same for the different
unit cells and thus the sum of the energies of all elec-

tron groups E; = ES;, in one unit cell and the sum of
the energies of their (electrostatic) interactions
Epgpg = E(')';(,_,,)g, with all other groups in this and
other unit cells. The variational principle then applies
to the total energy Eq. (4) which is to be optimized
with respect to geometry variables and the quantities

C'® and A4'®). This rounds up the formal description of
the DMM scheme in the crystalline context.

2.2. Electronic Groups and Hybridizations
in Silica Polymorphs

2.2.1. Low-pressure—low-coordination (“tetrahe-
dral”) silica polymorphs.

(a) Geometry. The low-coordination low-pressure
silica polymorphs all feature the SiO, tetrahedra shar-
ing the O-vertices. The corresponding structure ele-
ments and their mutual arrangement are depicted in
Fig. 2.

(b) Electronic groups: hybridizations and electron
distribution. Electronic groups relevant for describing
the structures of low-pressure “tetrahedral” poly-
morphs are the two-center two-electron polar-cova-

lent Si—O bonds formed by the ideal sp® HOs of Si3
and sp* HOs of O-atoms.

The description of the oxygen atom is more
involved, but coincides with that of oxygen atom in
water molecule [30]. Like there, oxygen atom bears
two equivalent lone pairs (LP) and two equivalent

HOs involved in bonding with Si atoms. Let s(z, be the
weight of the s-AO in the bonding HO (s is respective

amplitude—one of the coefficients A(g> of Eq. (3)—
other relevant amplitudes can be found in
Appendix Alb Eq. (A.9)). Then the normalization

condition 23(2F +2s,§J =1 immediately yields the s-

=1_

weight in the oxygen LP’s: s,i = sé. In terms of so

defined s-weights/amplitudes the purely p-AQOs char-

acteristic for the LP’s in the linear SiOSi units (e.g., in
= % (s5 = 1 _ sp-hybridiza-

V2

3 The hybridization description of Si atoms is thus trivial.

T 2
B-tridimite) refer to: s;
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Fig. 2. Geometry of O3Si—0—SiO5 unit—two SiOy tetra-
hedra sharing a vertex. Color code: blue—oxygen, dark
gray—silicon. For © = & the drawing shows the Si;O5 unit
in the staggered conformation (O—Si—(O)—Si—O angle of
60°) like in PB-cristobalite. The eclipsed conformation
refers to the O—Si—(0)—Si—O angle of 0°. In B-tridymite
half of the Si,O- units are in the staggered and another half

in the eclipsed conformation. They slightly differ by the
Coulomb energy with a minor preference towards the stag-

gered conformation. We introduce an angle 0 = %(n — @)

describing the deformation of the Si—O—Si angle to fur-
ther work with “small” quantities. Picture is produced with
use of the VESTA 3 software [37].

tion of the O atom). For the foreseen bending of the
Si—O-Si unit the sp-hybridization tends towards the

sp’-one with sé = ‘—lt(sc = %), this transition is trigo-

nometrically parameterized as:

_ cosg

AN (&)

where ¢ = 0 corresponds to the sp-hybridization. The
lower s-weights in the bonding O-hybrids appear for
G # 0. According to [30], the angle between two bond-
ing HOs reads

S

B cos’ ¢
2 - cos’ G

and one between the LP’s:

_l—coszg‘
1+coszg

Remarkably, the angle between bonding hybrids must
not coincide with the angle between Si—O bonds:
® = 1 — 20 since they are controlled by two indepen-
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Fig. 3. Structure of the rutile-like polymorph of silica—
stishovite. The overall view of the structure formed by SiOg

octahedra each sharing two of its equatorial edges with two
its neighbors; four equatorial O-atoms serve as axial ones
in four other octahedra whereas the axial atoms serve as
equatorial ones in four other octahedra and belong to their
shared edges. Picture is produced with use of the VESTA 3
software [37].

dent variables ¥ and ¢. This is a characteristic feature
of the DMM approach taking in the consideration
chemical nature of the interactions.

Electron distribution within the Si—O bonds in the
silica polymorphs featuring SiO,4 unit derives from the
simplistic two-electron two-orbital model of G-bond.
A single electronic structure variable W suffice to con-
struct the two-center MO—Ilinear combination of the
sp3-hybrid of Si atom with the coefficient sin ¥ and
the O-hybrid ascribed to the Si—O bond with the coef-
ficient cos . This yields the population of the oxygen
0-HO ascribed to the bond and the Coulson bond
order (BO) between the Si and O HOs as:

2
P, =cos™ P,

: (6)
B, =sinWcosY.

The atomic effective charges as well derive from the
oxygen 6-HO population:4

4P,-2=-0Q0,

4 -8P; = 20 Si.

4 The count is as follows: core charge of oxygen equals to six; it is

compensated by four electrons in two LPs which yields two. Py
is the population of the bonding HO for each spin projection
which, thus, must me multiplied by two for two spin projections
and once again by two for two bonds.

No.10 2023
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Fig. 4. The cut-off of the rutile structure showing one SiOg octahedron along the a — b crystallographic direction, i.e., perpen-
dicular to its equatorial plane. Geometry parameters are explained in the text. The red trifolium represents somewhat deformed
spz—hybrids. The lobe directed perpendicularly to the crystallographic ¢ direction (along the Si—O bond which is korizontal in the
picture) represents the axial oxygen lone pair interacting with the s-AO of the upper left Si atom. Remarkably, the direction of the
slanted Si—O bond does not generally coincide with the direction of the corresponding HO (represented by the lobe pointing to

the right and down).

2.2.2. High-pressure—high-coordination (“octahe-
dral”) polymorphs.

(a) Geometry and hybridization. The spatial struc-
ture of a higher-pressure/density silica polymorph—
stishovite [11] is the rutile structure formed by SiO6
octahedra sharing edges and vertices (Fig. 3).

From the point of view of electronic structure
stishovite describes as an assembly of coordination
compounds of the nontransition element Si [38]. The
octahedral coordination of Si atom featuring sp AO’s
assumes no hybridization [38]. In the idealized rutile
structure (dubbed as rutile I1in [12]) the octahedra are
perfect and the angles between all Si—O bonds are

equal to T In the experimental rutile-like structures

the octahedra are deformed so that the equatorial SiO,
square (with the 2R, diagonal, Fig. 4) are deformed in

a rectangle of the shape controlled by the angle ¢. Two
“axial” bonds are somewhat longer than four equato-

rialbonds R, > R, so that we set R, = R+ 2r; intro-
ducing the relevant geometry deformation variable r

with R = %(Rax +2R,,). In this case the ratio of the

lattice parameters (under further assumption
Ry =R, = R)is:
1+ 4(1+si 2
a _1+J(+sin®)/2_\ 1007 (g
c \/1 —sind 2

with the latter numerical value characteristic for the
ideal structure (¢ = 0).

RUSSIAN JOURNAL OF PHYSICAL CHEMISTRY A Vol. 97

Remarkably, the ideal (octahedral) geometry does
not conform with the ideal sp?-hybridization of the
oxygen atoms. Indeed, the ideal angles between Si—O

bonds are g, whereas the angles between ideal sp’-

hybrids are %t (as schematically shown in Fig. 4). In

order to align the equatorial bonds with the ideal
hybrids the equatorial square needs to be squeezed so

that the angle ¢ becomes —g. This yields the ratio of

crystalographic parameters a/c = % =~ 1.225 for the

rutile I structure [12]. The parameters of all observed
rutile structures lie between this value and the above

limit Eq. (7), as stated in [12].5

(b) Electronic groups. In the real (rutile/stishovite)
structure O-atoms form one (longer) axial and two
(shorter) equivalent equatorial Si—O bonds. Thus the
involved hybrids are deformed sp?-hybrids (the fourth
oxygen hybrid is a pure p-AO pointing normally to the
plane of three Si—O bonds). Since two equatorial
hybrids are equivalent, the weights of the s-AQO in these

hybrids satisfy the condi‘[ion;6
2s62q + sfx =1,

and one variable (¢), as previously, suffice to
describe the hybridization of such an atom. The

5 In stishovite this ratio is accordingly somehow intermediate:
a/c =1.567.

® In the ideal spz—HOs these weights are equal to %

No. 10 2023
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explicit forms are quite cumbersome and are moved
in the Appendix A.1.b.

(c) Electron distribution. The set of 10 orbitals:
four sp-AOs of Si and six oxygen hybrids span an

o 0 0 0
0 a, 0 0 B,
0 0 o 0 0
0o 0 0 o O
Bep Bpp O 0 o
By B 0 0 0
By O By O 0
By O By O 0
By O 0 B,y O
By O 0 B, 0

in the original AO/HO basis, with the quantities
0., O, Oy, By s B,y given in the Appendix B.
Symmetry analysis yields very simple picture based

on classification of one-electron states according to
the irreducible representations of the octahedron sym-

metry group O,. Specifically, Si s-AO is g, Si p-AO’s
is #,. The combinations of the idealized oxygen sp*-
HOs form a reducible representation of O, which splits
in the direct sum: g; @ 1, @ e, of the irreducible repre-

sentations. Explicit forms of the symmetry adapted
combinations of HO’s are:

1
|a1> B _6(Xx TATAy TAy T AT X—z)a

|tluy> = L(Xy - X—y)a

o
f

(©))

(@)

9

T
0

s,lp Bs,lp Bs,/p Bs,/p Bs,lp Bs,lp

p o~
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electronic group called the close ligand shell (CLS)
as suggested in [39]. They are populated by twelve
electrons. In an ideal octahedron, the 10 X 10 Fock
operator for the CLS has the form:

B,y O 0 0 0
0 Bp,lp _Bp,lp 0 0

0 0 0 Bp,lp _Bpwlp
0 0 0 0 0

8
o 0 0 0 0 ®)

0 o, 0 0 0
0 0 o, 0 0
0 0 0 o O
0 0 0 0 o

1
|egc> = E(_Xx —Xx =Xy ~X-y + 2Xz + 2X*Z)'

Here ), stands for the oxygen sp>-HO centered on the
O atom shifted to the direction y(=x, y, z) relative to
the central Si atom. They are depicted in Fig. 5.

In the symmetry adapted basis Eq. (9) the Fockian
splits in four 2 X 2 blocks of which three are identical
acting in the 7, subspace, one 2 X 2 block referring to
the g, subspace, and two identical diagonal elements
(I % 1 blocks) belonging to the e, symmetry. The elec-
tronic structure variables of the CLS (symmetrized

SiO6 octahedron) are thus the angles ® and W provid-
ing amplitudes of the Si s- and p-AQO’s in the occupied

(bonding) MO’s of the g, and ¢, symmetries (denoted

by the “—” superscript referring to the sign at the
(b) 1
af® \"‘x.

L —

af?

Fig. 5. (a) Scheme of the atomic and hybrid orbitals pertaining to the close ligand sphere (CLS) of the Si atom in the idealized
octahedral structure. (b) Molecular orbital diagram of the idealized CLS; the occupied MOs are encircled by a blue rectangle.
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Fig. 6. Orbital scheme of deformation of the electronic
structure of idealized Si CLS upon its transition to the
realistic one.

square root in the expressions for the orbital energies
of the occupied MOs):

‘al(_)> =sin®|s) + cos ®|qa,),

tl(,:;> =sin¥ | Pv> +cos¥ | tluv>’

(10)

|s) and | p,) refer to the respective Si-AO’s. The com-
ponents of the one-electron density matrix are:

B, = —=sin®cos D,

1

B, = —=sinW¥cos VY.

p

S

The coulson bond orders between the s-, p-AQO’s of the
Si atom with an sp?>-HO of oxygen. The electronic
population of the respective AOs/HOs (for each of the
two spin projections) are:

P, =sin’ @,
P, =sin’ ¥, (12)
B, = l+M+lcosz‘l’,
3 2
producing the density matrix of CLS:

P 0 O O B B, B, B, B, B,
o P 0 O B,-B,0 0 0 O
o 0o P 0 O O B,-B, 0 0
6o 0 0 P~ 0 O O O B,-B,
B B, 0 0 F O O O O O
B -B, 0 0 0 B O O 0 O
B 0 B, 0 0 0 B O 0 O
B 0 -B, 0 0 0 0 B O O
B0 0 B 0 0 0 0 B O
B, 0O 0 -B, 0O 0 0 0 0 B
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The total population of the Si atom is:’

2P, +6P,
and its effective charge (2Q) reads
4-2P, 6P,

We see that the solution of the electronic problem for
the idealized CLS of the Si atom is pretty simple.
However, this is not enough. In the true stishovite
structure, the octahedra are inherently deformed, as it
has been mentioned above, and will be explained in
more details below. In the deformed octahedra the
electronic structure is as well deformed. The elec-
tronic structure of real CLS derives from the symme-
trized model by adding perturbation to the Fockian
Eq. (8). Within the DMM theory of coordination
compounds of nontransition elements [38, 39], it can
be shown that the structure transformation of the ideal
octahedron to the deformed one characteristic for
experimental stishovite structure induces a perturba-
tion of the electronic structure which is equivalent to a
partial depopulation of the highest occupied molecu-

lar orbital (HOMO of the ideal octahedron) of the e,,
symmetry and corresponding population of its lowest
unoccupied molecular orbital (LUMO) of ¢, symme-
try (Fig. 6). It can be represented as a replacement of
the HOMO of the e,. symmetry by its linear combina-
tion with the LUMO of @ symmetry. This move is

allowed, since the deformed octahedron does not pos-
sess the symmetry of the ideal one. Thus, we write:

|egc> — cosS (p|egc> + sin (p‘al(+)>,

‘al(+)> = cosS (p|s> - sin(p|a1>,
where a variable ¢ is introduced in addition to the
above set of electronic structure variables @, 'V, ¢.
The corresponding energy contribution to the energy
of the deformed SiO4 octahedron reads:

(13)

sin’ (p(eﬁ,T) - eeg) +sin 2¢ <egc |V| al(+)>, (14)

where eﬁ,}”, €,, are the orbital energies (eigenvalues of

the Fockian Eq. (8)) of the ideal “octahedral” model

and <egC 14 4"} is the matrix element of the operator

which upon adding it to Eq. (8) produces the Fockian
of the distorted CLS. The minimum of Eq. (14)—the
only @-dependent contribution to the total energy of
stishovite—with respect to @ in the lowest order coin-
cides with the familiar 2nd order perturbative esti-
mate:

(e P1a")

a ey

€

7 Coefficients take care about two spin projections.
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Table 2. Intraatomic Coulomb repulsion energies for Si
and O atoms in the tetrahedral and octahedral polymorphs.
Coefficients “2” in the “O”-column take care about two O-
atoms in each formula unit

E Si o

Tetra 28G5 - P, 2G°[6(1 + P}) + 16P;]

Octa | GY[P} +15P; +12P,P,] | 2G°[1 +12P, +15P,]

The latter, however, cannot be employed for optimiza-
tion with respect to the system variables since the
denominator is driven to zero throughout this process.
For that reason we below consider ¢ on the equal foot-
ing with other variables. This lifts the condition usu-
ally imposed upon the perturbation, to be small. In the
proposed variational scheme it may be arbitrary.

2.3. Energy Components

With the above descriptions of the electronic struc-
tures of “tetrahedral” and “octahedral” SiO, poly-
morphs given in terms of the group functions, the
hybridizations of involved orbitals and elements of
density derived from them, we see that the repertory of
the electronic structure variables required for describ-
ing either of polymorphs is rather limited. Specifically,
these are two electronic structure variables ‘¥, ¢ for
“tetrahedral” polymorphs and somewhat more abun-
dant ¥, @, ¢, ¢ set for “octahedral” ones. In either
case they are to be complemented by the relevant
geometry variables: R, ¥ (for “tetrahedral”) and
R, r, & (for “octahedral”). According to the general
variational principle [27, 40] inherited by the DMM
setting, the equilibrium values of either electronic or
geometry variables need to be determined from the
energy minimum condition. Like in force fields, the
energy in DMM is given through its components, but
in variance with the former the required components
are derived from quantum mechanical models. Usu-
ally such models (particularly those which are used for
numerical modeling [13] are pretty sophisticated),
thus, we accept a simpler setting, keeping the most
physically important contributions: attractions of
valence electrons to atomic cores (nuclei screened by
deep electronic shells), Coulomb interactions between
the valence electrons, and the most important quan-
tum contribution: the resonance or electron hopping—
the energy contribution appearing due to transitions of
electrons between the HOs centered at different
atoms—the one ultimately responsible for the band
formation in the tight-binding approximation [41—44]
of solid state physics. The Coulomb interactions are
treated “on average”—the same values are used irre-
spective to the differences between s- and p-AQOs of the
same atom. By contrast, the attractions of electrons in
an HO to the core, at which it is centered and the res-
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onance are strongly dependent on the ratio of s- and
p-AOsinthe HO. In case of resonance interactions the
hybridization dependence is accompanied by geome-

try one. This corresponds to the CNDO? setting of
semi-empirical quantum chemistry [45], which covers
the most important physics.

2.3.1. One-center terms. The systems considered in
the present paper are formed by atoms featuring s- and
p-AOs only (hereinafter referred to as sp-elements).
For them the one-center quantities can be easily writ-
ten down.

(a) Core attractions. For HO’s of sp-elements the
core attraction matrix elements depend on the weights

of the s-AOs in mth HO: s_, (E = Si, O) [24]:

Ur=Us+Us~UL)sn (15)

where U i ,U 1'; are the core attraction parameters for s-
and p-AOs of the atoms of chemical elements E (see
Appendix A). The specific dependencies of the
involved weights on the variable ¢ controlling the
hybridization and consequent specific expressions for

the core attractions are assembled in Appendix A.1.b.

(b) One-center repulsions. Simple analysis shows
that in a four-orbital atom the expression for one-cen-
ter Coulomb repulsion of electrons comes from four
intra-orbital interactions each proportional to squared
density elements on each orbital combined with six
inter-orbital interactions each proportional to quadru-
ple products of the density elements in involved orbit-
als. This yields overall 28 individual contributions each
scaling as the parameter of electron-electron repulsion

characteristic for the given atom: GE, E = Si, O. With
this we derive the intraatomic Coulomb repulsion
contributions assembled in Table 2.

2.3.2. Two-center terms. (a) Effective charges and
cores. The predominant two-center terms in DMM
arise from the Coulomb interactions between charged
particles—nuclei and electrons—of the system. The
actual form of these interactions in the models
employing AOs may be different (for [27]). At the
CNDO level [45] one distinguishes the Coulomb

repulsion of the atomic cores o R , that of the attrac-
tion of (valence) electronic clouds to an alien core
o< V'(R), and the repulsion between the clouds centered
at different atoms o< y(R)—two latter having finite lim-
its at the vanishing interatomic separation R. Setting
V (R) approximately equal to y(R) reduces the interac-
tion of atomic charge distributions into that of the

effective charges Q, of atoms 7 (core charges Z; minus
total electronic population P; of the valence orbitals)

8 Complete neglect of differential overlap.
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proportional to y(R) and the repulsion of the cores
with a “Yukawa”-like potential Y (R):

0O Y(R) + Z,Z,Y(R); Y(R)=R"'—y(R). (16)

“Yukawa” potential diverges as R — 0 preventing the
collapse of the system, but decays exponentially with
increasing interatomic separation, which justifies the
name. Thus it is enough to take the “Yukawa” terms
into account only for the nearest neighbors: (i) four
O-atoms bound with a Si atom and (ii) among these
four O-atoms themselves—six interactions, exactly
like in the ice model [16]. Similarly, the cloud repul-
sion Y(R) is taken into account for the same set of
atoms otherwise the two-center terms beyond the
nearest neighbors reduce to the interactions of the

effective charges O, which already can be approxi-

mated by the usual Coulomb R potential. The
explicit expressions are somewhat tedious, thus we
move them in the Appendix A.l.a.

(b) Resonance contribution in Si—O bonds. The res-
onance contribution is most complicated since it
involves rather sophisticated dependence on hybrid-
ization of the O-atom and the geometry parameters.
This is the only directionally dependent energy contri-
bution affecting the local geometry. The resonance
contributions have simplest form in the basis of HOs
[24]. Specifically, in the “tetrahedral” polymorphs it
reads:

—16B,1,,

where B, is given by Eq. (6) and #; is the interhybrid
resonance matrix element. Somewhat more involved
expression applies in the “octahedral” case:

—24 (Bt

oo T Bytoip)s

which corresponds to six Si—O interactions with the
bond orders B, B, given by Eq. (11), ¢ reso-

s,lp> p Ip
nance matrix elements between s- and p-AOs of
Si atom and the oxygen HOs, describing electron hop-
ping from Si to O and from O to Si, taken twice for two
spin projections.

The sophisticated geometry/hybridization depen-

dence of the quantities #;, f, ,,, t,,, originates from the

general expression for the resonance matrix element
between HOs [24]:

_ ,SiO Si SiO Si
Ly, = tog S s + It S vm,eslo)

SiO,-Si - SiO 451 -0
+ th (Vm veS1O)s + trm Vin > m)

SiO SlO —-Si =
+ (g — Vs 8510) (Vo 8si0).-

A7)

Here, ¢, is the unity-length vector pointing from Si

to O; s,]:;, E = Si, O are the amplitudes of s-AOs of the
respective atoms in the hybrids ascribed to the mth
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bond, VmE are the triples of amplitudes of the p,-AOs
(Y = x,¥,7) in the expansion of the HOs. Under 3D
rotations these triples transform as 3-vectors which
explains the accepted notation for this specific type of

the general expansion coefficients A,ij’;), Eq. (3). The

quantities ISlO t&o (R); wv=o,(,n are known
functions of the mteratomic Si—O separations, which
represent respectively, the resonance matrix elements
between the AO’s centered on the Si and O atoms with
subscripts o, { referring, respectively, to the s- and p-
AOs directed along the é&,, vector (taking, thus, the
part of the z-axis of so called diatomic coordinate
frame), and w refers to p-AOs orthogonal to it (nota-
tion refers to the m-symmetry with respect to the local
Z-axis €g;p).

Due to considerable sofistication of the relevant
expressions they are moved to Appendix A.l.c. Here
we provide only the final results. Specifically, for the
Si—O bond in a “tetrahedral” silica polymorph we

arrive to not that much involved expression:9

_ 1
1y = m[cos 5(V3ts(R) + 156(R))
— (V31 (R) + 1 (R)) (sin Dsin g + cos 0) |.

(18)

For the “octahedral” case the explicit formulae for
tips 1,y derive from the same general expression
Eq. (17) supplied by the relevant values for the HOs’

amplitudes (s,ﬁ, vy ) and interatomic vectors é;,. They

are rather cumbersome, so we move them to Appendix
A.l.c. Here we notice the following: as it is mentioned
above, the solution for the electronic structure prob-
lem for the CLS of the Si atom, surrounded by six oxy-
gens, derives from the symmetrized Fockian, in which
all core-attraction matrix elements for oxygen LPs are
the same and the axial and equatorial Si—O resonance
matrix elements are the same. The latter is, however,
formally incompatible with the square planar arrange-
ment of the equatorial oxygen atoms. We, neverthe-
less, employ the resonance matrix elements between
the ideal sp?> O HOs and Si AOs:

117}, (R) = T( too(R) = V215 (R)),
(19)
fyp (R) = ﬁ(tcoae) — V21, (R))

for constructing the symmetrized model and consider
the difference between the matrix elements of the

9 We omit the superscripts referring to atoms, bearing in mind
that the first Greek subscript refers to an AO of Si and the sec-
ond to an AO of the O atom.
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symmetrized model and exact ones as a part of the
perturbation Eq. (14). The corresponding quite
tedious explicit formulae are given in Appendix A.l.c.

(c) Effective exchange. There is a minor (as com-
pared to the resonance) quantum mechanical contri-
bution to the energy. We do not elaborate on its
detailed nature here; more detailed description of its
role in the DMM context can be found in [16]. It is
proportional to the squared bond orders Egs. (6), (11)
and to the Coulomb interaction between the elec-
tronic clouds of two atoms. Specifically:

_SB;YSiO (R),
~12(B; + B; ) ¥sio (R)

for “tetrahedral”
respectively.

2.3.3. Contributions dependent on global structure.
In the standard approach of solid state quantum
chemistry even slightest variations of crystal symmetry
require a separate consideration, since the space
group, Brillouin zone, Bloch states etc completely dif-
fer. This is so despite the fact that different poly-
morphs may be chemically very close—definitely the
case for the “tetrahedral” polymorphs of silica. For
that reason, chemical similarity in standard approach
is recovered post factum; e.g., using LOBSTER [46—
48] or other tools used for projection of the PAW/DFT
solutions upon some local atomic states recovering
chemical individuality. Our approach is, by contrast
from very beginning based on the local (HO) repre-
sentation of the electronic structure stressing the
chemical nature of the considered materials. Within it
the polymorphs with similar local structure are basi-
cally equivalent. The variations of, say, overall symme-
try, in their turn, fairly logically affect only the long-
range energy contributions.

The only long-range contribution is the Coulomb
interaction of the effective charges beyond the nearest
neighbor SiO,4 and SiOy clusters as described in Sec-
tion 2.2.3. Looking at the Coulomb terms, we notice
that in a first approximation the interactions of the
effective charges in a crystal reduce to the Madelung
energy:

and “octahedral” polymorphs,

MO’
R b

where M is the Madelung constant characteristic for
each crystalline structure (see e.g., [49]). This form of
the interaction leads to a strong attractive contribution
diverging at R — 0. This is cured by the interactions
between nearest neighbors Egs. (A.1)—(A.4) Appen-
dix A.l.a which provides (i) the divergent repulsive
“Yukawa” terms acting between atomic cores and (ii)
the interactions of the effective charges tending to a
finite value (some combination of intraatomic Cou-
lomb interactions of electrons) at R — 0. Obviously,
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the Coulomb energy of the effective charges located
on the nearest neighbors:

NN
R

must be subtracted from the Madelung energy. These
contributions are: '

8 — 3\ﬁ =~ 4.326 tetrahedron
Moy = 1%

12——==4.2218 octahedron
V2

so that the long-range remains of the Madelung
energy are:

_uo’
R (20)

withy =M — M, NN.“ Obviously, | are some relatively
small structure dependent numbers.

Although the Madelung energies can be numeri-
cally calculated for whatever crystal structures, this
does not completely solve our problem, since we need
some analytical estimates of their variation upon small
geometry changes. We, thus, notice that, say, bending
of the Si—O—Si bond (see Fig. 2) from the point of
view of other distant charges in the crystal is equivalent
to appearance of effective dipole moments of the mag-
nitude QR sin ¥ at the original positions of the shifted
oxygen atoms [16]. The energy of their interactions is
proportional to their squares and inverse proportional
to the cubes of separations between dipoles. All dis-
tances between dipoles can be expressed through the
characteristic length scale: the Si—O separation R (like
it is done for the Madelung energies), so that the
dipole—dipole energy acquires the form

2p2 .. 2 2
_KOQ'R 3sm O _  xQ sin®,
R R
with some structure-dependent constant k—ulti-
mately an analog of the Madelung constants for the
respective distribution of dipoles over crystal lattices.

Combining the long-range terms together yields:

—%(u+ Ksin’ 9), 1)

which is employed in further analysis.

1011 the case of octahedron the edge sharing is accounted.
For rutile 1 of [12] M = 4.760 so that . = 0.538; for rutile II of

[12] p = 0.561; for cristobalite M = 4.453; w = 0.127, in tri-
dimite M = 4.44, 1 = 0.114; in B-quartz u = 0.077.
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Fig. 7. Energy profile for tridimite (blue) and cristobalite
(orange). The cristobalite energy profile lies lower due to a
larger value of | in its case. The minimum corresponds to

interatomic separation of Ry = 3.05 a.u.

3. RESULTS AND DISCUSSION
3.1. Analytical Theory of Tetrahedral Silica Polymorphs

3.1.1. Low-density/low-pressure polymorphs. Col-
lecting all the terms described in previous Sections and
Appendices yields the energy of a “tetrahedral”
SiO,-polymorph in terms of two geometry variables

(R and 9¥) and two electronic-structure variables
(¥ and ¢). Despite its rather involved form:

Eo = =2(1- P)(3U,, +U3) +28G° (1 - By)’
+2G° (6(1+ P)Js) = 8U (1 - By)

— 4U;, ~ Uy (Pycos® ¢ +sin’ g) — 16B,1(R)

2 2 2 8 (22)
- 8I;CS’YSiO(Ie) - SQ YSiO(R) + 6Q Yoo (\/;R)

+ 96Y,0(R) + 216Y0q (\ERJ
o’ (u + 1csin’ 19)

+TIQR’ cos’ 0,

inspecting this and recollecting the expression Eq. (18)
for 75 (R) and the definitions of the density compo-

nents P, B, Eq. (6) allows us to establish the symme-
try relation which the energy function Eq. (22) satis-
fies:

Elot (\P’ R’ ga ﬂ) = Etot (\PaR: _gs _ﬂ) . (23)

Following a simple theorem [16] the above symmetry
assures that (a):

OEy|  _ 0E.|
ag |g,ﬂ:0 09 |€ﬂ3=0

and (b) if under the condition ¢ = ¥ = 0, there is an
extremum with respect to two noninvertible variables R

=0
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and W it will be also an extremum with respect to all
variables ¥, R, ¢, 0.

The latter hypothesis can be easily checked.
Indeed, upon substitution ¢,© = 0 characteristic for
tridimite/cristobalite polymorphs in Eq. (22), it
reduces to

28G°(1 - P,)’ +2G° (6(P; + 1)/,
—-2(1-P)3U,, +U) = 4(Ug + Uy )1+ Py)

_ 85,
V2

— 8B3¥510(R) + 0°[ 6700 (V83R) - 8¥5i0(R) |

[(V36(R) + 16(R)) = (V31 (R) + 1 (R)) | (24)

2
+ 96¥5,0(R) + 216Y,0 (\/@R) +TIQR® — %,

where two upper rows contain the terms explicitly
independent on the Si—O separation R, the 3rd row
represents some contributions slowly varying with R,
two further ones assemble the strongly R-dependent
(“tectonic”) terms, and the bottom row assembles the
terms dependent on global structure variables. Look-
ing, first, at the 4th row we notice that the interaction

of the nearest neighbors’ effective charges (e< Q2) is
always attractive (has positive derivative with respect
to R) and flows to a finite (negative) value at R — 0
together with its derivative which in the same limit is
as well finite and positive. The derivative of this inter-
action with respect to R remains positive, but flows to

zero in the opposite limit (R — o) like o< R. The

same applies to the effective exchange (o< Bé) term.
On the other hand, the repulsive core-core terms in
the 5th row are positive and divergent with the diver-
gent negative derivative with respect to R at R — 0.
They remain negative, but decay exponentially with

R — . The remnant attractive divergency o< R at
R — 0 of the Madelung (<L) energy is fully compen-

sated by the repulsive divergency <R of the

“Yukawa” terms (compare the Zg; Z, and ZCZ) multipli-
ers in Egs. (A.3), (A.5) with the highest possible esti-

mate of Q2 = 4 and values of | mentioned above).
Assembling these observations together, we see that
the derivative of the sum of 5th and 6th rows is negative
in the vicinity of R > 0 and turns positive for
R — .'2 This constitutes the conditions of the Bolz-
ano theorem in its original formulation [50, 51].
Namely, the derivative of the sum of 5th and 6th rows
has different signs at small and large values of R
(respectively, <0 and >0), so that there exists a point

nBeyond the range of the exponential decay of the “Yukawa”
terms, they are superseded by positive derivative of the interac-
tion of effective charges.
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R, where the derivative of the sum of 5th and 6th rows
vanishes and thus provides an extremum to the “tec-
tonic” terms. The R-independent terms of the 1st and
2nd rows do not change either condition or the con-
clusion of the theorem.!?!* We also easily conclude
that the extremum at R, is a minimum with respect to

R."> These theoretical conclusions are confirmed by
direct illustrative calculation (performed with use of
parameterization described in Appendix A.2) whose
results are depicted in Fig. 7. The obtained geometry
of the linear Si,O; units (% = 0) corresponds to the
high-temperature forms of the low-density/pressure
cristobalite and tridimite polymorphs [4, 5, 52—57].

3.1.2 (In)stability of tetrahedral polymorphs. The
nature of the energy extremum found above can be
revealed by inspecting the second derivatives matrix—
the Hessian of the energy. The Hessian in the tridim-
ite/cristobalite extremum breaks into two 2 X 2 blocks,
one with respect to variables W, R another with respect
to ¢, 9. The latter reads:

Eg Eg z(b —a j
" " _a a_ - ’ 25
By E f-g (25)
a>b>0, ¢<O0,
where
E.=b=c+d, ¢<O0,

c=8(U,, —Uy)sin’ ¥,

d = 4\/536 (\/gtgc(R) + tGG(R)) >

Ely = Ely = 42B, (V3 (R) + 15 (R) = —a,  (26)

E‘Sﬁ:a_f_ga
f =3IQR >0,
2kQ°
=222 >0,

£ 7R

BThe derivative of the hydrostatic term vanishes at R — 0 and is
positive at R — oo; the derivative of the resonance terms in the
3rd row is positive at R — « and negative at R — 0; thus the
conclusion of the theorem does not change.

4We also notice that the reasoning in footnote 4 of [16] leading to
an analogous result is wrong, although the conclusion is, of
course, correct, as here.

BIndeed to the left from Ry—at Ry — 6—the derivative

f'(Ry—0)<0 and to the right—at Ry + 6—f"'(Ry +9)> 0,

S'(Ry + 8)2_8f'(R0 -9 _ f"(Ry) > 0; and R, pro-

thus [im_yo

vides a minimum.
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The analysis evolves as follows. First, we omit the
terms proportional to ¥ and Q2—the global structure
variables. Then, the simplified Hessian reads

!

so that, according to the Sylvester criterion, the stabil-
ity is lost as soon as a(b —a) < 0, namely as soon
b—a<0. Including f,g—adding hydrostatic pres-
sure or/and taking into account the long range inter-
actions of the effective oxygen dipoles appearing upon
bending of Si—O—Si bonds—shifts the system towards
instability with respect to the bending. Nevertheless,
fundamentally, the story of (in)stability turns around
the relation between two short-range i.e., chemical:
the constant negative intra-atomic term—the differ-

ence between the core attractions (U g, and U g ) on the
s- and p-AOs of oxygen, and the positive component
of the two-center G-resonance parameter, however,
decreasing with increasing R.

The tentative destabilizing effect of the second
derivatives is compensated by that of the fourth ones
(due to abovementioned symmetry Eq. (23) of the
energy function Eq. (22) the odd derivatives with
respect to ¢,0 vanish at the tridimite/cristobalite
extremum). The trigonometric character of the
involved functions, assures that the components of the
fourth derivatives are proportional to the respective
components of the second derivatives, namely:

V) g(iv)
LEQAQGQ EggﬁﬁJ — (_4C - d O )
Egsee Egvpo 0 —a+2g+7/

[(4c—-d 0
- 0 =-a)
The energy near the tridimite/cristobalite extremum is

approximately:

E=-(c+d)d +%aﬁz — avg

N | —

R |-

1 4
4¢ +d)ct - —at’.
( )S %
Expressing ¢ through ¥ from the condition:
Ey = aﬁ—ag—éaﬂ3 =0,

=1,
we arrive to the effective bending potential for the
0;Si—0—-Si0; joint:

3 =%(b—a)ﬁ2—i(3c+b—a)ﬁ4. 27)

Analysis of the signs of the contributions to the coeffi-
cients at ¥ and 0" shows that one at the fourth power
is always positive, whereas the sign of the quadratic
term may be either positive or negative depending on
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Fig. 8. (a) The Si—O distance dependence of the values of the Hessian determinant for different exemplary values of the Hessian
contributions: blue x =5, Il =0 GPa; orange x =5, I1 =1GPa; green k=4, I1 =0 GPa; red k=4, Il =0 GPa;

(Ug - Ul?p) increased by 1 eV. (b) The bending angle & dependence of the energy of a tetrahedral polymorph beyond the insta-

bility threshold. For details of the parameterization used to obtain this graph see Appendix A.

the relation among the contributions Eq. (26) to the
Hessian equation (25).

The derived model is rich enough. Depending on
the contributions to the Hessian the values of its deter-
minant are shown as functions of Si—O interatomic
separation in Fig. 8a. Obviously, the extremum of the
tridimite/cristobalite energy at R, = 3.05 a.u. lies
close to the instability threshold. Taking into account
the orders of magnitude of the thermal expansion
coefTicient o of tridimite of ~10~* K~! [5, 58], in the
temperature range of ~1000—2000 K employed in the
phase diagram Fig. 1, we see that the spread of the val-
ues of the Si—O separations R — R(1+a7) may
reach ~10% so that with increasing temperature the
value of R may shift towards larger values as compared
to the equilibrium one (see below) which leads to the
loss of stability of the linear configuration of the linear
configuration of the O;Si—O—SiO; units. This corre-
sponds to a displacive transition: the form of the pofen-
tial energy changes from a single minimum to one with

multiple minima;16 the variable ¥ itself serves as the
order parameter of the phase transition. The result of
calculation of the potential energy of a tetrahedral
polymorph as a function of bending angle 3 above the
instability threshold is depicted in Fig. 8b. Neverthe-
less, even beyond the instability threshold (in the
high-temperature phase(s) of cristobalite and tridim-
ite) the occupation of six equivalent positions, to
which O atoms may slide, are the same so that the
observed structure corresponds to the vanishing ther-

modynamic average (ﬂ) This may change upon an
order-disorder phase transitions in tridimite/cristob-

16The double well potential of Fig. 8 (right) transforms to one
with multiple minima as a function of the direction of the bend-
ing normal to the Si—O-—Si axis. Such a modification of the
potential energy can be inferred from analysis of the structure
(see Fig. 2).
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alite [4]. The latter reduces to selection of only one of
the equivalent sliding directions of the O atoms in the
low-temperature cristobalite and tridimite phases
driven by entropic terms. The order parameter of the
order-disorder transition is the thermodynamic aver-
age (19) and in variance with the displacive transition
the temperature variation in the vicinity of the critical
temperature of the order-disorder transition affects

the sign of the coefficient at (13)2 (;t <192>)—the square

of its order parameter—in the expansion of the free
energy and not of the potential one.

The bending amplitude is controlled by the precise
value of the global structure parameter x and may dif-
fer in different crystals. This possibly explains geome-
try even of quartz crystals featuring considerable val-
ues of the Si—O—Si bending angles. The form of the
K-dependent contribution to the energy Eq. (21) sug-
gests that for larger values of k ceferis paribus one may
expect also larger equilibrium values of both effective
charges Q and the bending amplitude . Remarkably,
in the recent PAW/DFT calculation [59] of quartz
accompanied by the LOBSTER [46—48] analysis of
the electronic distribution the charge of the oxygen
atom in quartz is —0.9 to be compared with our value
—0.45 in tridimite/cristobalite. This also indicates a
significant contribution of covalency to bonding. Nev-
ertheless, we have to admit that an adequate descrip-
tion of larger deformations like those occurring in
quartz may require to explicitly include further inter-
actions of atoms beyond the SiO, tetrahedra as it is
suggested in the context of the rigid units model
(RUM) of “tetrahedral” polymorphs [60, 61]. We
postpone this for future publications.

The simplest picture of not deformed SiO, tetrahe-
dra, we followed throughout this paper, conforms to
the models describing the variety of the SiO, low-pres-
sure/density polymorphs in terms of RUM [60, 62,
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Fig. 9. Fragment of the seifertite structure. Coordination
patterns of Si and O atoms are shown as well as shared
edges (green dotted lines).

63]. It is known that in some cases the SiO, tetrahedra
may slightly compress (e.g., in B-quartz) keeping the
second order rotation axes of tetrahedra only. This
type of deformation is orthogonal to the allowed
deformations of the entire system of hybrids of the Si
atoms [24, 25]. The above squeezing deformation does
not change the interhybrid angles at least in the lowest
order. That means that the ideal sp’-character of
hybridization of the Si atom almost does not change
under the squeezing, but this deformation produces
some additional strain since the directions of the Si—
O bonds do not exactly coincide with the directions of
the Si HOs any more. Despite the described deforma-
tions the SiO, tetrahedra are very stable in the silica
polymorphs. Even pretty-high pressure polymorph—
coesite—retains them. In fact, coesite is formed by two
layers of 4-membered rings of fairly ideal SiO, tetrahe-
dra with two values of the Si—O—Si angles of 137.36°
and 144.5°. Analytical description of such a phase
requires too many additional geometry variables and is
beyond the scope of this paper. Necessary analysis can
be performed numerically in a more general scheme
which allows for full optimization of all hybrids
including those of the Si atom where of particular
interest would be a transient deformation of the tetra-
hedra under increasing pressure, which appears in
quartz and disappears in coesite. We shall address this
elsewhere.
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3.2. Analysis of Octahedral Silica Polymorphs

Here we extend our treatment of silica to its high-
pressure “octahedral” polymorphs. The “tectonic”
terms—the core-core repulsions and the effective
charge attractions have fundamentally the same form
as for “tetrahedral” polymorphs. The difference is due
to the nearest neighbor surrounding—octahedral with
shared two equatorial edges and tetrahedral, respec-
tively. As in the case of “tetrahedral” polymorphs, the
“tectonic” terms assure the existence of the minimum
with respect to the Si—O separation R. Unlike in the
“tetrahedral” polymorphs, where it refers to real tri-
dimite/cristobalite structures, the energy minimum
derived in the ideal octahedral geometry represents
nothing except a useful starting point for further treat-
ment.

The necessary equations can be found above and in
Appendices A, B. The results are as follows. The Si—O
interatomic separation comes out as R = 3.114 a.u. to
be compared with 3.353 a.u.—the average of the
experimental values of R, and R, characteristic for
stishovite [11, 64—68]. Remarkably, in the denser
rutile structure the Si—O interatomic separation is
larger than in the looser tridimite/cristobalite in full
agreement with experiment. The higher coordination
numbers in the rutile-type structure allow a longer
nearest neighbor separation reducing individual repul-
sive contributions.

Equilibrium values of the ®,W¥ variables corre-
spond to effective charge of oxygen atoms of
0 = —-0.57 as compared to Q = —0.45 in tridim-
ite/cristobalite. We see that higher pressure phase is
more ionic than the low pressure ones, but still retains
a significant fraction of covalency. The optimal val-
ues of variables describing deformation of the SiOq
octahedra in stishovite are r = -0.001a.u.,
0 =-0.319 = (-18.31°), ¢ =1.31. The sign of r is
wrong—microscopic shrinking of the axial bond
instead of noticeable elongation, provided the micro-
scopic absolute value any way incompatible with
experimental observation, we conclude that it requires
further consideration. The sign of angle ¢ is repro-
duced correctly; the numerical value is somewhat
exaggerated (experimental value of —8.64°). The equi-
librium value of the hybridization variable ¢ corre-
sponds to the angle of 114.9° between the equatorial
hybrids (minimal accessible interhybrid angle is 90°

which corresponds to ¢=m— arctan2 ~ 2.186).
This indicates that in the equilibrium point of the pro-
posed model the equatorial oxygen hybrids are closer
to ideal sp?>-hybrids than to pure atomic p-orbitals. At
the same time the O—Si—O angle opposite to the
shared edge amounts 98° showing the misfit of 8°
between the directions of the hybrids and those of the
bonds. These results are accessed at an equilibrium

value of the ‘a,(+)> amplitude sin @ = 0.98 (the weight
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0f 0.95) that is to say that the HOMO of the deformed

CLS is almost completely the ‘al(+)> one. In general,

one can say that qualitatively the deformations of
stishovite structure as compared to ideal one are
reproduced although, numerically, agreement is far
from perfect. Apparently, one cannot expect more in
the setting where only one parameter is actually fitted
(see Appendix A.2).

Looking at the structure of another high-pressure
(high-coordination) silica polymorph—seifertite [64—
66, 69, 70] (Fig. 9 we notice that locally it is pretty sim-
ilar to stishovite: both feature CN(Si) = 6, CN(O) =3
and, respectively, approximately octahedral and pla-
nar trigonal coordination. The octahedra in seifertite
each share two of their edges with neighbor ones, but
in variance with stishovite the shared edges in seifertite
are not parallel, but lie in orthogonal planes (or in
other words belong to skew straight lines). Further
inspection reveals that the deviations of the local
geometry of the SiO¢ octahedra in seifertite from the

ideal one follow the 7, symmetry (all three frans-O—

Si—O angles amount 171°; of three O—Si—O units two
have unequal Si—O separations of 1.742 and 1.855 A,
whereas the third one keeps them equal at 1.776 A; the
coordination of oxygen atoms slightly deviates from
strictly planar—the defect of 3°; very remarkable is the
finding that the Si—O—Si angle opposite to the shared
edge amounts 97°—almost precisely coincides with
the analogous value in stishovite). Electronic structure
of so deformed octahedra can be described analo-
gously to stishovite, namely, through an admixture of

the al(+) LUMO to the lower lying occupied tl(u_ )> MO
of the ideal CLS. This will be addressed elsewhere.

4. CONCLUSION AND OUTLOOK

In the present paper we developed DMM models
for two classes of silica polymorphs: low pressure/low
coordinate “tetrahedral” ones exemplified by tridim-
ite/cristobalite and the high-pressure/high coordinate
“octahedral” ones exemplified by stishovite/seifertite.
In either case descriptions based on the relevant mod-
els of electronic structures of respective electronic
groups and including variables necessary to describe
electronic structure of considered polymorphs are
developed. The DMM model is explicitly constructed
in terms of quantum mechanical entities and, thus,
possesses certain explanatory force. Specifically, for
tetrahedral low-density polymorphs the intimate
nature of instability, of the linear configuration of the
0,Si—0—Si0; units, characteristic for low-coordinate
polymorphs, with respect to the bending of the Si—O—
Sibonds, namely, the interplay between the resonance
(electron hopping) pushing towards larger involve-
ment of oxygen p-AOs in the bonding HOs and the

S—p energy gap (U g -U 2)) requiring a larger involve-
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Table 3. Selected values of atomic parameters used
throughout numerical experiments

g* U, Uy G*
Bohr™! eV
Si 1.383 36.494 30.375 6.964
O 2.275 101.306 84.28 13.625

ment of s-AQOs in the nonbonding LP HOs of oxygen
atoms. This relation, known for decades as the Bent
rule [24, 71], but almost forgotten by now. This consti-
tutes a prerequisite for possible displacive and/or
order-disorder transitions eventually explaining the
space of the low-density phases at the microscopic
level. Some time ago it was shown that the low-pres-
sure phases can be derived from the stishovite struc-
ture [70]. Our tentative alternative approach starts
from the low-pressure symmetric phases tridim-
ite/cristobalite and represents others as a consequence
of Si—O-Si bendings of different magnitude and
mutual arrangement.

As for the DMM model of stishovite (and eventu-
ally seifertite) in the frame of the “proof of a concept”
setting the most characteristic structure features of
this family of polymorphs are reproduced (for stisho-
vite) paving a way for future developments in the realm
of higher-pressure phases.

APPENDIX A

PARAMETERIZATION AND CALCULATION
DETAILS

In the present paper devoted to a “proof of con-
cept” the parameterization serves to obtain some illus-
trative material together with semiquantitative esti-
mates of the orders of magnitude of the expected
effects. Thus we employ the simplest possible param-
eterization scheme addressing only the basic physics.
In the semiempirical quantum chemistry context the
required set of parameters is implemented in the
CNDO scheme [45]. For sp-atoms in involves the
one-center parameters: one-electron core attraction

on the s- and p-AOs (U sf and Ufp) and two-electron

Coulomb repulsion matrix elements G*. The numeri-
cal values of these parameters for elements of 2nd and
3rd periods have been fitted in [72—75] assembled in
Table 3.

A. 1. Coulomb, Resonance, and Overlap Integrals

Two-center matrix elements as well classify in one-
and two-electronic (Coulomb) ones. As we mentioned
in Section 2.2.3 the Coulomb interaction terms are
taken on the average—having the same values for dif-
ferent types of orbitals (s and p). The explicit expres-
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sions of the Coulomb interactions Y (R) Eq. (16)
(following the same equation also for the core-core
repulsions Y. (R)) are quite tedious as described in
[45]. They parametrically depend on the orbital expo-

nents &E of the Slater type AOs as well characteristic
for each atom (see Table 3).

A.l.a. Interactions of effective charges and cores.
For the involved effective charges the O- (—Q < 0) and
Si- (20 > 0) atoms and the closest neighbors in “tet-
rahedral” polymorphs we simply rewrite the result for
(symmetric) ice X [16]:

0’ [6Yoo (\/8_/3R) — 8Ysio (R)]

Analogously, for stishovite (rutile) the SiO4 octa-
hedra one needs to take into account the interactions
along six Si—O bonds and along O—O edges. Two of
the O—O edges in the equatorial plane are shared with
the neighbor octahedra. Thus the contribution of
these interactions needs to be taken into account only
once per Si atom (or SiO, formula unit). In the “octa-
hedral” polymorphs the nearest-neighbor interaction
of effective charges is:

0’ [—2 (2¥si0 (Rux) + 4¥sio (Req))
+ 8Y00 (\/Rf,( + qu) + Yoo (2Reql sin (E + %’)) (A.2)
+ 2Yoo (2Recl sin f - %’)”
o

The term with the sin (ic + 5) multiplier in the argu-

(A.1)

ment refers to the shared equatorial edges of the SiOq

octahedron (Fig. 4) and thus is accounted only once.
The “Yukawa” contribution (proportional to the

product of core charges Z, = 6,Z; = 4) reads:

96Ysi0 (R)+216 Y50 ((/8/3R)
for the “tetrahedral” polymorphs and

24(2¥50 (R ) + 4¥5i0 (Rg))
+ 36[8Y00 (VR + R )+ Yoo (2Req . (f + “5’)) (A.4)

s

for the rutile structure. The latter reduces to:
144Y;6 (R) +396¥,0 (V2R)

for the ideal octahedron with two shared edges.
Expanding the both repulsion potentials at the
ideal octahedral geometry (r,¢ = 0):

(A.3)

(A.S5)

3650 (V2R) R 0™Yoo (V2R) R
- Np) ’ Np)
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reveals the inherent preference for the negative values
of the deformation parameter ¢ in the rutile structure.

A.1.b. Hybridization dependence of core attraction.
In “tetrahedral” polymorphs featuring two types of
HO’s on the O-atoms, respectively, belonging to LPs
and o-bonds the weights of the s-AOs Eq. (5) yield:

(0] (o) 0] (0]
U;? — Uss ; Upp _ Uss - Upp C052 c,

o (@]

U
Ud = USP +¥cos2 c

for the lone pair and o-bonding HO, respectively. The
resulting energy contribution reads: 17

-4(Ug +U;,)-8RU,,

(A.6)

+4(1-B)(Ug - Uy, )cos’ s,
This needs to be taken twice for two O-atoms in the
SiO, formula unit.

In the “octahedral” polymorphs O-atoms feature
deformed sp?-hybridization. Of four O-HOs one is
doubly occupied pure p-AO (LP). Next, six Si—O sep-
arations within octahedra are subdivided into two lon-
ger ones: axial, and four shorter ones: equatorial. One
of the sp>-O-HOQO’s is oriented along the axial Si—O
bond, whereas two others along the equatorial Si—O
bonds of the other Si-atoms (Fig. 4). Since the lengths
of the Si—O bonds are different, the HOs ascribed to
them and the core attraction parameters for the axial
and equatorial HO’s as well differ:

v g( 1 o] o) o) o)
ol = 5[(2U,,,, +U)+(US-U,) (AT

eq

1
X (sin® ¢ — 2¥2 cos gsin g){ (A.8)

-1/2.

For the symmetric octahedron ¢ has to be set equal to
zero, so that the ¢-dependent terms disappear; other-
wise they serve as components of the perturbation
Eq. (14) of the CLS Fock operator (see below). In the
symmetric case the energy of the core attraction of elec-
trons in O-atoms yields altogether the contribution of:

—4U,, 4P, (2U,, +UY)).

The core attraction in Si atoms is much simpler
either in “tetrahedral” or “octahedral” setting. For the
sp® hybridized Si atom in tetrahedral polymorphs the
core attraction contribution reads:

=2(1- R) (U3 +3U},).

”Populations are calculated for one spin projection, thus, need to
be multiplied by two, and this applies to two hybrids of each
type—bonding and LP HOs, respectively.
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06 0.6 (b) o4l (©)
0.2 0.2 0 =
0 1 1 1 1 1 O 1 1 1 1 1 1 _0.2 _
ozL 1 )\;1/i/;%/6 /1 2 3 4 5 6 g4

Fig. 10. Overlaps as functions of R for the left atom Si and right atom O. (a) Individual overlaps: Scs%o —blue, Sgico —orange,

Scséo —green, Sgi,o —red. (b) The overlap between ideal sp3 -Si (left-end) and sp-O (right-end). (c) Overlaps, respectively (blue

and orange), between the s- and p-AOs of Si and axial spz—oxygen HOs.

In the “octahedral” environment of Si no hybrid-
ization is necessary, thus for the core attraction we
simply write

Si Si
—2USP, —6UP,

The core attraction terms demonstrate an important
interplay between the involved variables. These terms
are always negative—stabilizing, however, the core
attraction for oxygen is much stronger than for silicon
driving towards more ionic—larger populations £, B,
of the oxygen bonding HO—and through the normal-
ization of the number of electrons in each group—to
smaller populations of Si HOs. Remarkably, in tetra-
hedral polymorphs the oxygen core attraction Eq.
(A.6) is hybridization dependent. It is maximal when
the s-contribution to the bonding HO is maximal, i.e.
in the linear sp-hybridization. Stronger core attraction
leads to larger ionicity—increase of P;. However,
increasing of P,—polarity of the Si—O bond damps
the hybridization dependence: at P, = 1—purely ionic
bond—the ¢-dependent contribution disappears and
the hybridization has no effect. This is not surprising:
the state of an atom (ion) with completely filled
valence shell (isoelectronic to noble gases) is spheri-
cally symmetric.

A.1.c. Resonance matrix elements. The most sophis-
ticated interaction function is the resonance interaction
matrix element. According to Eq. (17), the resonance
matrix elements between HOs are expressed through
the respective matrix elements between AOs. Within
CNDO these latter have the form:

50 (R) = 570530 (R):

wv=ogm,

Sio . . Si0
where 3> is a energy scaling factor, and S,y are the
overlap integrals between Slater AOs with the expo-
nents given in Table 3.

Corresponding graphs are given in Fig. 10. For the
ideal arrangement of the O atoms in the SiO, tetrahe-
dra we take the Si—Si line for the x-axis and a perpen-
dicular to it going though the O atom for the y-axis.

RUSSIAN JOURNAL OF PHYSICAL CHEMISTRY A Vol. 97

z-axis is then the normal to the xy- (SiOSi) plane.
In this coordinate frame the Si—O bond vector reads:

si0 = (cosY,sin9,0).

With use of the trigonometric parametrization Eq. (5)
we get for the bonding hybrids:

(so,vo) = L(cosg,—l,—sing,O),
V2 (A.9)
23 2 SiO-

Taking the axial bond for the positive direction of
the z-axis the hybrids can be written:

ax: (%cosg - \Esin g)|s>
- (\Ecosg+%sin g)|z},
eq: %[(\Ecosg+%sing)|s> +x)
- (%cosg - \Esing)y)}.

With this, the weights of the s-AOs in the respective
hybrids are:

(A.10)

{1 sinzg—Zx/Ecosgsing ax
241 .2 (A.11)
33 —%+ 2coscsing  eq,

and the cosine of the angle between the equatorial
hybrids is given by:

1 —%sin2 G+ V2sin GCcosG

2 +%sin2 G— \/Esinc_,cosc_,

yielding two limiting cases: at ¢ = 0 the angle of 2?75
characteristic for the ideal sp>-hybridization, and at

¢ = m—arctan V2 refers to the interhybrid angle of g
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between pure p-AQO’s potentially conforming with the
ideal octahedron geometry of SiOq.

In the octahedral setting the resonance integrals

classify into sz-aXial and sp2—equatorial ones. For the
axial ones we have

(0,0,1),

&0 =

Si —Si "
s =1, v, =0,

where from we get
£, (Rr,G) = %[tw(ze +27)(cosg —2sing)
— It (R +2r) (sin G+ V2cos g)],
2 (R.r,c) = \}g[tgc(R +2r)(cosg — V2sing)

—f(R+ 2r)(sin G+ V2cos g)]

For the equatorial ones:

2215
tip (Rr,G0) = é[x/gtw(R -r) (\/Esing +2cos g)
+ l (R — r)(cos%(x/gsing - x/gcosg - 3)
+sin%)(«/8sing—«/§cosg+3))},

trs(R—
1o (Rr,G0) = %cosg(ﬁsing +2cos g)

R —
+ —tcc(lz r)[\@sinq)sing—«@(sin(b+1)cos€
+ cos¢(«/€sing—«/§cosg—3)
+3sin ¢ + V6sing - 3]

L (R=1)

T [—x/gsin(bsing + \/g(sin(]) —1)cos¢

+cos¢(—x/8sing+\/§cosg+3)
- 3sin¢+x/€sing—3}.

One can check that the values of 7 , % and 2 , 9

s,lp> I JIp pilp> p lp>
Ei0 = (cos T 2) sm(4 %), 0), respectively, coinside for r =¢=0; ¢ = —g. These
values are employed for constructing the symmetrized
si _si CLS of the Si atom in stishovite. The difference
s, =0, v, = T(l’l’o) between the values at » = ¢ = 0; and the at the actual
values of r, ¢, contribute to the perturbation Eq. (14),
and which takes the matrix form:
0 0 0 0 lep lep lep B.slp Balp lep
0 0 0 0 6[3p,p —SBp,p 0 0 0 0
0 0 0 0 0 0 op; pp B35 o 0 0
0 0 0 0 0 0 0 0 OB pp —5B°) ol
A
3B I 3P} pip 0 0 —% 0 0 0 0 0

ops), OB, 0 0 0

B, 0 OBy, O 0
B, 0 8B, O 0
By, O 0 o8B, O
By, O 0o -8B, O
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2
A
0 -=2 0 0 0
2
A
0 0 -=2 o0 0
2
0O 0 0 A, 0
0 0 A,
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where

1

A, =3(U -U, )(sinzg—2«/§cosgsing),

Slep (s/p(RrC.:) s/p(ROO))
+ B, (Yor(R) = Yor(R +2r)),

Slepz (slp(Rrg’q)) slp(ROOO))

+ B, (Yor(R) = Yor(R— 1)),
385, = — (15 (R.r.G) — £, (R,0,0))
+ B, (Yor(R) = Yop(R + 2r)),

885, = — (17, (R.r.G,0) =135, (R.0,0,0))

B, (Yor(R) = Yor(R = 1)).

Upon substitution in the expressions Egs. (9), (13) this
yields the explicit form of the energy correction

g)+sin2(p[2cf/)§q)(5[3w 533,
L sin® J,
N

which is used in numerical experiments.

sin (p( ™ _

A.2. Details of Numerical Experiments

With the parameters listed in Table 3 and the
reduced Madelung constant | = 0.114 characteristic
for tridimite we minimized the energy Eq. (24) against
R. The value of the resonance scaling parameter

BSIO = 54.1 eV = 2a.u. is adjusted so that the equilib-
rium Si—O distance coincides with the experimental
one in tridimite. So obtained value is subsequently
used in calculations.

APPENDIX B
CLS FOCKIAN COMPONENTS

The elements of the symmetrized Fockian Eq. (8)
of the Si CLS are defined as:

= Us+G6% (P +6P)-MQ
= U +G¥ (2P, +5pP,) - M2
(0] (0]
» = ——2U”"3+ Us 4 g0 (2+5B,) + Mo
Bs,/p = _(ts,lp + BsYOE))
Bp,lp = _(tp,/p + BPYOE)’

where oxygen charge Q < 0.
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The eigenvectors of the Fockian belong to definite
symmetries so that the eigenvalues come either as
solutions of square equations or simply the diagonal
element of the symmetry adapted Fockian. Thus they
can be explicitly written:

€, = Oy,

2
o — 0Oy, 2
+\/( ]+6BS,IP,
2
o, — o oA, — 0O .
e, [T g
' ¢ 2 2 *

and employed in the calculations.

) _ O 0y,
ed] 2
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